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INTRODUCTORY NOTE. 



As there is no lack of works on the subject 

of the Differential and Integral Calculus to 

which no reasonable objection can be made, 

it may appear somewhat presumptuous in me 

to have added to the number. The usual 

text-books, however, all contain a great deal of 

matter which is superfluous when looked at from 

the point of view of those for whom this little 

book is especially intended, and I have put 

together the following pejges with strict reference 

to the course of study at Coopers Hill College. 

I haye given here and there a paper of questions 

which I have endeavoured to make of such a 

character that the student who finds he is able 

to answer them may be secure that he has 

satisfactory knowledge of the subject. 



VI INTRODUCTORY NOTE. 

As the Theory of Couples is not sufficiently 
developed in our elementary text-books on 
Statics, the fundamental propositions in the 
theory are here given, as arranged by Mr. 
A. G. Greenhill when he was my colleague. 

Coopers Hill College, 
Sept. 30, 1874. 
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DIFFERENTIAL AND INTEGRAL 

CALCULUS, 



The first thing necessary in beginning the study of 
the Differential Calculus, is to have a clear idea of what 
is meant by the lirait of a varying quantity, which, under 

certain circumstances, assumes the unmeaning form -or — . 

The definition of a limit in such a case is as follows: if 
Z7 be a varying quantity, which on a certain hypothesis 
assumes an unmeaning form, and A the limit of this 
quantity, then as U is approaching its ultimate form, the 
difference between Z7and A continually diminishes, and may 
be made less than any assignable quantity however small, 

before U assumes the form -; but this difference does 

not become absolute zero before that point. 

Of course we might say that, e.g,^ when x approaches 
the value 2, a? approaches the value 4, and thus that 4 
is the limit of c^ when x approaches 2, but in such a case, 
where the function [a?) has always an intelligible meaning, 
it is simpler to say that a? is 4: when a; = 2 ; but suppose 

we have a? = 2 + — ^ , and therefore a;* = 4 + -3 -f -r , then 

z ' z z* ^ 

as z is indefinitely increased x continually approaches 2, 

and a? continually approaches 4, and the differences a; — 2, 

oj^— 4 may be made less than any assignable quantity 

however small ; and in such a case we should say that x 

has 2, and a? has 4, for its limit, since in this case x is 

not absolutely = 2, nor x^ = 4, for any finite value of z 

however large. 

B 
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Good examples of limits are and , when x 

X X ^ 

tends to 0, for we know that x being the circular measure 

of an anele <1 and > 1 — --, whence 1 >0 and 

° X 4 ' z 

•33 Bin X f 

< -r , whence the difference 1 continually diminishes 

TC X 

as X diminishes, and may be made less than any assignable 
quantity, however small, before a? = ; whence the limit of 

is 1. "When x is absolute zero, is unmeaning. 

(SID «3!/\ 
) ^^ 5 



X^ 



but the true meaning of such equations should always be 

borne in mind. 

taiiuB Att sin ij* 

So also = ; therefore, the limit of 

X coso; X ' 

tan X sm x 

= the limit of = 1, which, as before, is written 

X X 

(tan«2/\ 
I =1. These results are best illustrated by 

drawing the curves y = sina?, y = tana? ; i,e, measure off on 
the straight line Ox any length OM (fig. 1) containing as 
many units of length as x contains of angle (in circular 
measure), and then draw MP2X right angles to Ox and re- 
presenting on the same scale sin a?, then, as x increases from 
to ^TT, y increases from to 1 and is positive ; from x = ^7r 
to TT, y decreases again from 1 to 0, and is positive, while 
from TT to 27r, the same arithmetical values recur in the same 

order, but sin a; is negative, and the corresponding curve 

• 

is on the negative side of the axis of x. Here is 

° X 

always represented by tanPOJI/, and since the limit has 
been shewn to be 1 , the limiting value of the angle POM^ 
when M moves up to A^ is ^tt; but the limiting position 
of PO when M^ and therefore P moves up to 0, is what 
we mean by the tangent line to the curve at 0. Hence 
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the curve crosses the axis of aj at at an angle of ^tt; 
and also does the curve y stance (fig. 2). 

Another good illustration of the meaning of the word 
limit is given by considering what is meant by saying that 
a railway train, which may be continually varying its speed, 
is at any given moment moving at the rate of so many 
miles per hour. Every one, I believe, has a very clear 
conception that this is so — that at any one moment the 
train is going at one particular speed ; but if we try to see 
how this is to be defined we are led at once to that par- 
ticular kind of limit which is called a differential coeflScient. 

Suppose that during t minutes the train has gone over 

Q 

8 yards, then if the rate were uniform - would be the 

number of yards described in one minute, and this is true 
however large or however small t may be ; whereas, if 

the speed be variable, - will be continually changing, and 

will only represent the average velocity during the portion 

of time t. In this case if we take t continually smaller 

and smaller, this fraction will approximate more and more 

nearly to the velocity which the train has at the middle 

of the time t] and the speed at any particular moment 

will be the limit of this fraction when t is indefinitely 

diminished. Thus, to fix the ideas, suppose th^ train is 

so moving that the space described during any time ^, 

measured from a certain epoch, shall vary as the square of 

^, say s = af^ then if during an additional time t' the space 

described be s\ we shall have s-{-s described in the whole 

time t-\-t'j or s-^-s =a{t+ t'Y^ hence s' = 2oLtt' + a^'^, or 

s' 

-J- = 2ai + a^' ; i.e. the average velocity during the time t' 

V 

is Sa^-l- at\ and diminishing t' indefinitely we obtain the rate 

at the end of the time t to be 2af. If we now change our 

notation a little, putting As for s\ At for t\ we have 

As 

— = 2a^H- a. A«, and if we denote the fact of taking •the 
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limit by putting d for A we obtain -7- = 2af, and we have 

found the differential coe£Bcient of the function af of the 
independent variable t, K then y^^aa?^ we ahall have 

:^ = 2aa?. 

The first notion of a differential coefficient ivas that of 
a velocity, time being in its nature an independent variable 
which we cannot conceive except as uniformly increasing, 
X the space described in a given time, then the speed, or 
velocity, at the end of that time was called the fiuxion of 
a:, and denoted by x. 

The general definition of a differential coefficient is as 
follows; if y be any quantity depending on another magni- 
tude X in such a way that the number representing y can 
be expressed m terms of the number representing x, by 

such an equation as y=^ (ar), then the litbit of — ^ — — - 

when h is indefinitely diminished, is the differential coefficient^ 

or first derived function^ of y with respect to a?, and it is 

dy 
denoted by either of the symbols -^ , </>' {x). 

This quantity will of course itself be a function of a?, 
and will have different values when different values are 
given to a;, thus <f> [a) denotes the value of </>' (x) when 
X is put = a, </>' (0) its value when x is put = 0. If we 
repeat the operation, the result is called the second diffe- 
rential coefficient, or second derived function of a?, and it 

d^V 
is written either -— , or <^" (a;), and so on for any number 

of times. 

There is no harm in writing the equation -^ = <^' [x) 

in the form dy = </>' [x) dx^ provided we bear in mind 
that this means that the two members of the equation 
£iy = 4> {x) Ax tend to have to each other a ratio of 
equality when both are diminished indefinitely. When 
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such an equation is used the members are called diffe- 
rentials of y, and of {x) respectively. 

Another most useful way of considering a difiFerential 
coefficient is by drawing the curve y = ^[x)^ which can 
always be done, or conceived to be done ; for whatever 
the relation between x and y be, we can by measuring 
off a sufficient number of values of x along a fixed straight 
line, and all the corresponding values of y at right angles 
to them, obtain as many points as shall give a clear notion 
of the form of the curve. 

Suppose then 0M= », MP= (f> (a?), MN= h (fig. 3) ; 
therefore ON=x-\-hj NQ=^<f>{x-\-h)^ and draw PR perpen- 
dicular to NQ^ then RQ—^[x-\-h) — (f> (a?), or if QP meet the 

axis of X in U. iaLuPUx = — i — ^ . Now when 

n 

Q moves up to P, the limiting position of the straight* 

line QPU is the tangent PT to the curve at P, or 

tanPIfe = limit '^(^+^J-'^W = ^ or <f>' (x). 

Of course if we solved the equation for x and obtained 

it in the form x = '>jr{y)^ the curve represented by this 

equation would be the same as before, since all the values 

which satisfy one must satisfy the other, and since we 

dx 
should then have exactly as above tanPT'y = -5-, we 

^ dx dy 

We will now proceed to find the differential coefficients 
of simple functions of x, 

(1) a?*, n being constant, Le. not changing as x changes* 
Taking y = a?**, we have 

y+A2^ = (a;+Aa;)" or (aj + A)*", or Ay = (a; + A)" - »% 

Av (aj-f^r-a;" x" 

and — ^ = ^^ 7 = -r 

Aa; h h 



-I)"- 



Now the expansion of (1+2?)" by the Binomial Theorem 
is arithmetically true whenever z is numerically less than 
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1, whatever may be the value of n; hence since A has 
here to diminish indefinitely , - must be numerically less 
than 1, before arriving at the ultimate hypothesis A = 0, or 



therefore --=wic""* 






The quantity in brackets terminates when n is an integer, 
but has an infinite number of terms when n is fractional 

or negative, but is in all cases convergent when - < 1, 
and reduces to 1 when A and therefore -=0, hence 

ax 

(2) y=a',y+Ay=a-', Ay = «'(«»-!), ^ = a'.^l, 

or -f^ = a* X limit of ( — ^ — ) 

dx \ k Jj,^ 

Now a* = 1 + A loga + •— (loga)^ +... ; 

Lf 

therefore ^-^ = loga jl + o '^^^"^2^ (loga)'' + ...[■ . 
But the series 

T 72 

l + -loga + — (loga)'^+..., 
is > 1 and < 1 + - logo + f- logaj + (- logo) +..., 

and therefore > 1 and < , , 

n . 
l--loga 

when A has been so far diminished that - loga<l, and 
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since these limits each = 1 when A = 0, we have limit 
(^)^ = loga, and^ = a'loga. 

(3) y = log^oj, y + A3^ = log„ (a; + A), 

^y = loS. {x+K)- log. a; = log„ (l 4 - ) , 

Aa;~A^^A J"*!^ 2 «:»■*■ 3 a:' '"} ' log« 
1 f 1 A 1 A" 



a: loga ( 2 a; 3 a;^ 
whence -^ = — ^ , the series in brackets being easily 

CLX X 'Log CI 

proved as in the last to reduce to 1, when the limit is 
taken. 

(2) and (3) can be obtained independently for such 
students as have not read the exponential series. 

-J- (a') has been shewn =0" x{ , — ) , 

and^(log,a;) = ^log.(l+^)^^. 

We will find the latter limit first, as the former is 
immediately deducible from it. 
Putting h = xz^ we have 

-log,(l+^) or -log„(l+^)i, 

and since when A = 0, « = 0, we want to find the value 

of the limit (1 + «)«^. 

Now, since z is to be ultimately 0, we may assume it 

<1, and therefore expand (1 + z)' by the Binomial Theorem, 
giving us 



1 - (- - 

1 z \z I ^ 
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or 

^"^^■^ 2 "^ 2.3 "^ 2X4 "*"•••' 

But the limits of 1— 2, 1— 2^5, 1-3^?..., 1 — W2, are 
all 1 when 2 = 0, for all finite values of n ; hence the 
required limit is the limit of the sum of the series 

a certain abstract number which is usually denoted by e. 

supposed when none Is written. 

Now to find ( — 7 — j , take the numerator =Wj and 
therefore A = log^(H-w), and when A = 0, m = 0, hence 
( — 7— ) =1 , 7T-; — : [ = , from the limit just 



d 



X 



previously found ; whence -7- {a) = -j = a log a. 

Oa 

(4) 'y = sinmiEj; Ay = slnwi(aj -f A) — slnwia; 

/ nfih\ 



= 2 sm —- cos 
2 



2 sm —- 
Ay^ 2_ 



cos 



/ mh\ 



m 



( . mK\ 
sm — - 
2 

mh 

. ^ J 

sm 



cos 



/ mh\ 



or 



0^2/ 2 

-j- = m cos ma;, the limit of , being 1. 



(5) y = cos7wa:', 

A / . i\ ^ . mh . f mk 

Ay = cos w (a? + A) - cosjwa?, = — 2 sm — - sm 



( mh\ 
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, vnh 

sin—- , , 

Ay 2 . / mh" 



(mh\ 
wa; + — j; 



^ — m , sin 

therefore -^= ~ w sinwta?, 

ax 

(6) y = tan?wa?, 

/ 7\ . sinwA 

Ay = tanm (a; + A) — \,^Vimx = 7 rr ^ 

•^ ^ ' cos ma? cos w (ic 4- A) ' 

Av sinrnA 1 

Aa? ?wA ' cos?72ax cos (wa; + wiA) ' 

therefore -^ = — = — = m sec* wa; or = wi (1 + tan^^na;), 
aa; cos mx 

(7) y = CQt7waj, 

^w = cotm (a; + A) — cotwa? = — ; -. tt — -. , 

^ ' sinw \x 4- A) sin/wa; ^ 

Ay__ sin/wA 1 



m 



Aaj mh ' sin ma? sin (yna? + wA) ' 

or -^ = -v-5 — or — m (H- cot iwa;), 

oa: sin wa; ^ ' 

(8) y = secwia:, 

Ay = seem (a; + A) -• secma; 

^ . mh . / mh\ 

1 1 2sm— Bm^wx+— j 

~cosm(aj4-A) cosma: coswa: cosm [x + A) 

. mh . / TwA^ 

sin — — sm 



. / mh\ 

^ jin maj+-— - 

Ay 2 V 2 / 

Ao; 9nA cosma; cosm[a; + A; 



dV w sin ma? 

or -r = 5 = w secma; tanma;. 

ax cos ma; 

The inverse trigonometrical functions may be diflFe- 
rentiated by means of the results found for the direct ones ; 
but to avoid the ambiguity ± it is advisable to lay down 

c 
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the rule that Bin'* (a:), co8"*(5c), tan"* (a-), shall always be 
interpreted as acute angles, positive or negative; i,e. as 
lying between — ^ir and ^tt. This rule will avoid many 
perplexities and risk of errors. 

(9) y = sin-*Q; 

therefore a? = a siny, a: + Ao; = a sin (y + Ay) , 

At/ 
or Ax = a {sin (y + Ay) — siny} = 2a sin -^ cos 



i'^'!)- 



, Ay 
sin--/ 
Ay 2 

1 = a — ^ . ' ■ cos 
Aa; Ay 



(,. f ) ; 



therefore 1 = a —^ cosy, -r^ = = -77-a — sr . 

dx ^^ ax a cosy '^{a—ar) 

The angle y being by our rule between -f ^tt and — ^tt, 
its cosine is positive. If that rule be not followed we must 
write 

as 
(10) y = cos"*- , a5 = a cosy, whence as iu the last 



dy . dy 

! = -«:£ 8my, -£ = 



-1 



This might also have been deduced from the identity 



(11) 



(12) 



y = tan''^^j, a: = atany, 



l=a$^ 



cte ^' rfa; 



rfy _ a 



a^ + a;'' 
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therefore r^= — ^ ^ , . 

ax a + a?" 

(13) y = sec~M - j , x = a secy, 

rfy a 
or -^ = . 

dx X ^{x^ — a^) ' 

Students often find it diflScult to remember when and 
where to put the a which occurs in some of these differential 
coefficients. This can always be settled by considering 
X and a to represent the lengths of certain lines, which 
in fact they generally do. In all these cases (9)... (13), 
y being the circular measure of an angle is a pure abstract 

number, whence --^ , and therefore -~ must be a symbol 

i^X ctx 

represented by an abstract numljer -r- a number representing 
the length of some line (where the unit of length may 
be any whatever), or in other worc^ each result is of — 1 
dimensions in space. Hence, when isj[a^ — a?) is the de- 
nominator, the numerator will be a number only, or no 
a is wanted ; but when the denominator is c^ + a:^, or 
X sj[ix? — cf)^ we must have a symbol in the numerator which 
is of one dimension in space, and the a is required. The 
proper sign to be affixed can be always supplied by con- 
sidering whether the function is one which increases or 
diminishes as x increases. If the former, the sign is of 
course positive, since Ay, Aa? must be then of the same 

dii 
sign, and therefore T^is positive, if otherwise negative. 

Thus 

Tx f ^""0} ' Tx HID} ^™ P^«^*'^"' 

d 



dx -""^ 



"'©}'^H"©°^s**^^^' 
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Differentiation of Complex Functions. 

The differentiation of complex functions can always be 
made to depend upon that of simple functions by the 
following method. 

Let y be a function of «, z being a function of a?, and 

suppose that when x receives an increment Aa;, z receives 

an increment A^r, and y in consequence an increment A^ ; 

. . Ay Av A« , dy dy dz ^ ^ 

then smce -r == V^ t— always, -^ = -r -7- • So also 
Aaj Az Ax "^ ' ax dz dx 

dy dy du dx , , , 

-^ = -^ -7- -T- , and so on through any number of steps 

that may be necessary before arriving at the simple func- 
tion of X. These processes should, however, be performed 
by a mental operation only ; thus, if y = log sin£c, we may 
put sina; = 2, and therefore y = log;?, whence 

dy dy dz 1 cosa? 

-T- ^ -T 1- = - cosa?= —. — *=cota?. 

dx dz dx z sma; 

This should be written 

dy Id... 

-r = -; — -7- (sma?) = cota?. 

dx sma; ax 

So ^ log {tan(i^ + ^x)\ = ,,^(^^^^^) ^ {tan(i. + ^x)] 

d 

3= cot [{ir + \x) sec* (^tt + \x) -j- ( i^r + ^x) 

= cot (iTT + \x) sec' (iTT ■\-\x)A= ^ . f. — r-T rj —r-\ 

^* ^ ^ ^* ^ ' ^ 2sm(|7r4-^a;)cos(i7r4-|a;) 



sin 2 ( Jtt + \x) sin (^tt 4- a?) cos a? * 

The differential coefficient of the sum of a number of dif- 
ferent functions of x is obviously the sum of their differen- 
tial coefficients ; that of a constant is zero, and that of a 
function of a? multiplied by a constant is the differential 
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coefficient of the function, multiplied by the same con- 
stant. 

(For if y = tt, + WJ + W3+..., Ay = Am^ + Am,+... , 

if y = a, Ay = 0; 

and if y = aUj Ay = aAw, 

and the values of -r- are -H- + -7-^ +... , zero, and a -=- 

ax ax ax ax 

respectively). The differential coefficient of the product of 
any number of different functions of x is formed by differen- 
tiating each function as if all the others were constant, and 
adding the results ; for if 

y = u;u^...u„^ log3/ = logu^ + logM, +...+ logw^, 

,t n I dy 1 du\ 1 du. 1 du 

therefore - -/ = - , ^ + =-? +...+ - -j^ , 

y ax Wj dx u^ ax u^ ax ^ 

dy du, du^ du 

The rule for a quotient may be deduced from this, or may 
be found by the same process, thus if 

w , , , \ dy \ du 1 dv 

•^ v' ^-^ ^ ^ ' y dx u dx V dx^ 

du dv 

. p dy dx dx 

therefore -y- = a , 

ax V ' 

the result, which is often put into words as a rule to be 
remembered, but, in my opinion, that process by no means 
makes the rule easier to apply, and it is very doubtful if 
it is worth while having a separate rule for a quotient. 
Certainly if the index of the denominator be other than 
unity, it is rather better to differentiate the whole function 

considering it a product. Thus if y^-, rr, we get, 

by the rule for quotients, ^ = ^ \a + xf ' * 
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from which the useless factor (a + a;) t must be divided outf 
now, differentiating it as xf (a + a?)"^, we have 

Probably, however, it is better still to take the logarithm, 
of both sides before differentiating, as is done in proving, 
the rule, thus 

logy = f logo; - f log(a + x) j 



therefore 



3a-2aj 



1 ^ _ 1 (3 5) __ 

y dx 2\x a-i- x) 2x[a + x)^ 



A ^y _ (3« — 2x) x^ 

dx 2 (a + a;)i 

The last method certainly gives the least chance foE 
mistake. 

An expression of the form w', where u and v are both 
functions of a?, is best differentiated by taking its loga- 
rithm. If 

y = v!'^ logy = v logw ; 

. ^ 1 dy dv . V du 

therefore - -^ = -y- logw H 7- , 

y aic dx ^ u dz^ 

dy __, rfw „ , c?v 
or -^ = vw ^- + w* loffM ^ . 

aaj dx ° aa; 

It is to be noticed that the two terms of this expression 

are what we should have obtained by differentiating the 

whole expression considering (1) v constant, (2) u constant, 

and adding the results together ; for if u were constant, 

dv 
the differential coefficient of u" would he w* logw -j- , and 

if V were constant, vuT^ t- • This is indeed an invariable 

' dx 

rule ; if y be a complex function of a?, then, in whatever 

way the various simple functions, of which it is composed, 

be connected together, the complete differential coefficient 

of y is the sum of all of what we may call partial diffe- 
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rential coefficients obtained severally by considering all 
the functions but one to be constant. All the above rules 
are included in this. This may be expressed as follows : if 
y = F{u^ V, i(?, ...), where m, v, w are functions of a?, 
dy fdF\ du (dF\ dv xi_ i. i . • -i- • 

.£= l^j ^+ l^j ^ +•••'• '^^ ^'"^^^^ ^^^'fy'°s 

/dF\ 
partial differentiation, viz. that in forming f -y- J all the 

functions v, Wj ... except u are regarded as constant. 
Thus, to differentiate af*, (1) considering the upper cc's 
to be constant, we get of x af """^ (2) considering the centre 
X as the only variable, and the differential coefficient is 
jf* hgx.x.x"^^ or afxf^ logar, (3) considering the upper x 
as the only variable, and we have of logo: {ixf logo?) or 

afx^ (loga?)', whence the true value of -^ is 

(1 ) 

afaf* <- + loga;+ (loga;)^^ . 

This may be tested by taking the logarithmic differential 
coefficient of both members of the equation y = af*. 



Questions on the preceding. 

1. Define the terms f unction j independent variable^ and 
explain what is meant by the limit of a function which for 
a particular value of the variable assumes an unmeaning 
form. Prove that the limit of seca; — tana;, as x approaches 
the value ^tt, is ; and that of sec^ajseca; tana; is ^. 

2. Give examples of functions which are limited in 
either sign or magnitude although the independent variable 
on which they depend is capable of all values from — oo to 
00. State how any of the following functions are limited, 

X being capable of all values : 



1 y -I \X 

sina;, tana;, a;*'* -f -^ , (l-f a;)* , f 1 + - j , 



a:' + a; + 1 
a;^ + 3a? + 4 
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3. Prove that the limit of f 1 4 - ) when x is increased 
indefinitely is the limit of the sum of the series 

and that the corresponding limit of f 1 + -J is that of the 



a a 



sum of the series 1 4-oH-rT; +•••+! — !-••• to Q^» ai^d is 
also &". 

4. Deduce the limits of -Iog„(l+«) and of , 

when z is indefinitely diminished. 
Prove that the limit of the product 

2 2 2 ^ 2 

when n is indefinitely increased, is ° . 

5. Define the difierential coefficient of a function of any 
independent variable. Give a geometrical illustration of 
the meaning of a difierential coefficient, and prove that if 
<f> [x) and 0' [x) be finite and continuous, 

^ (a; + A) = ^ (a?) -f h<f> [x + 9h)^ 

where is some proper fraction. Obtain the diff'erential 
coefficients of s/[x)^ {a-{-x)^ and \/[d^ — x^)» 

6. Obtain the differential coefficients of 

aj", a*, s"', s"^"^, log^a;, and log {x + \/(l 4 a^')- 

7. Differentiate 

sinx, cosa;, tana;, sin'^a;, log tan (^tt + Ja;), log tan ^a?, 
sin"* (sina? — cosa;), and log {sin x + cosa? + V(sin 2a;)}. 

8. Prove the rule for differentiating any product, or 
quotient, of different functions of x. Differentiate the pro- 
duct (1 + a; -I- a?) (1 — a; + x^) (1 — a;' + a?*), simplifying the 
result. 
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Integral Calculus. First Principles. 

Having investigated methods of finding the dififerential 
coeflScients of any functions of a?, the next thing in the 
natural order of the subject (just as division succeeds 
multiplication) is to reverse the process, and to enquire 
after methods which shall enable us, when the difi^erential 
coefficient is given, to determine the quantity of which it 
is the differential coefficient. This is a very different 
matter, and we cannot assert that it is always possible. 
If a function can be expressed in terms of x by any known 
algebraical symbols we can find its differential coefficient, 
but we can only reverse all these processes to furnish us 
with integrals of certain functions of 03, and if we cannot 
by any of our methods reduce a quantity whose integral 
is sought to coincidence with a known result of differen- 
tiation, we are at a stand. 

Thus having investigated the properties of the function 

of X which we call its logarithm, and having found that 
J 1 

-p (logic) is - , we say (meaning the same thing, neither 

Cm!/ X 

more nor less) that the integral of - is logo: ; but if we 

X 

had not known the properties of this function we could not 

have integrated - . No one can integrate —jj- ^^ - and 

many other apparently simple functions. 

The notation adopted in the Integral Calculus is as 

follows : \i -j-=<f> (a?), and y = V^ (oj), then /0 {x)dx = yjr {x) , 

or more correctly = yjr{x) 4- (7, where G may be any constant 
quantity ; that is, any quantity independent of x. This 

constant is necessary since -j- [^ \^)}=-j- {"^ (^c) + C}, 

The reason of the notation will be explained subsequently ; 
at present it will be better simply to accept the equation 

D 
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J<f> [x) dx = '^ [x] + (7, as meaning that the differential co- 
efficient •^' {x) of yfr [x) is if) [x) ; or, in other words, that 
the integral of ^ [x) is yfr {x) + G. Such result is called 
an indefinite integral. If no other data are given, C cannot 
be determined, but every value will answer the question. 

and therefore ;t^ = 2 -^-(Vaj) =^ {2 \/(^)}) a°d therefore 

•J- (y — 2\/^) = ; whence we must have y — 2 ^/{x) = (7, 

where C may be any constant quantity. Suppose, however, 
we have the farther datum that when aj = 1 , y = 0, then we 
have —2=0, i.e. C= — 2, and the general relation is 
y = — 2 + 2 VW' Such a result is called sl corrected in- 
tegraL If, finally, the thing sought be the value of y when 
a; = 4, then we get from this equation y = 2, This result 
is written 

^ dx 

= 2 and is caUed a definite integral. 



f. 



In general 

(f) (ic) tfe = ^ (a;) + C the indefinite integral. 






(a?) rfa? = -^ (a?) — -^ (a) corrected integral. 

/ <f>{x)dx = ylr{b) — '^ (a) definite integral. 

The case in which (7=0 is very frequent, and such 
a result is generally written J<j){x)dx = ylr (x) {+ C=0). 
The best illustration of integration is given by considering 
the result sought for as the area of a curve bounded by 
the axis of a?, any two ordinates, and the curve. Thus 
suppose aPQb (fig. 4) to be a curve, the ordinate MP at 
any point being a known function (f> [x) of OM or x the 
abscissa, take 0N= x + Aa?, NQ = y + Ay = ^ (a; + Aa:), 
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then if U denote the area aAMP measured from <my fixed 
ordinate aA^ then Z7+AZ7=area aANQ^ or A?7=area 
PMNQj which for all forms of the curve, provided <f> (x) 
is not infinite, will lie between the areas of the two rect- 
angles PN^ MQ or between [x] . ^x and (a; + Aa?) . Aa; ; 

hence —— lies between 4> {x) and <^ (a: + Aa;) ; or 

i^X 

Now suppose yfr{x) to be a function of ar, such that 

•^' {x) = (f) (a?), then 

^=^{t(a')}, or U-i.ix) = C, 

t.e, - U=yjr {x) + C the indefinite integral. 

The original differential equation is obviously true 
whatever be the position of aA^ and hence the necessity 
of an undetermined constant in the integral. As soon 
as the initial ordinate Aa is chosen this constant is de- 
termined; for if OA=:a^ then when a? = a, Z7=0, or 
= yjr[a)-hGj or JJ=-'^ {x) — yfr (a) the corrected integral. 
If the final ordinate be Bb^ where x = bj we shall have 
-^ (i) — 1^ (a) the definite integral^ which is written, before 

determination, as / ^ (a;) dx. 

The meaning of the symbols /^ {x) dx is the limit of 
the sum of an infinite number of magnitudes such as 
^ (a?) . Aa? when Aa? is made indefinitely small, i.e. in the 
figure of such quantities as the rectangle PN^ for if the 
whole base AB be divided into n equal parts, each = Aa?, 
and on each be completed rectangles as PN^ MQ^ the 
sum of all the internal rectangles as PN will be less than 
the area of the curve aABb^ and the sum of all the ex- 
ternal rectangles as MQ will be greater; but the sum of 
the former or 2 {^ (a?) Aa;} is 

Aa? {(p{a) + ^(aH- Aa?) + 0(a+2Aa?) -f ...+ ^{a-f (n-1) Aa;}], 
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and of the latter or 2 (0 (x + Aa;] . Ax} is 

^x{(f) (a + Aa;) + ^ (a + 2 Aaj) +...+ 0(a4 nAa:)}, 

a + n • Aaj being = J, 

and the difference of these sums is Ax {(j) [a + nAx) — ^ (a)} 
or Ao? {<^ (i) — ^ (a)}, which vanishes when Aaj = 0; hence 
the area of the curve lying between these^ which in the 
limit coincide, will be equal to the limit of either, or 

-^ (ft) — -^ (a) = the limit of Aaj [<^ (a) + ^ (a + Aa?) 

+ ^(a-|- 2Aa5) +...+ {a+ (n— 1) Aa;}] when Ax = 0^ 

and each element of which this sum is composed is of the 
form <f> (a?) Aa;, x having successively all values between 
a and ft when Aa; is made indefinitely small ; the whole 
of which facts are succinctly and conveniently recorded by 

the notation I <f>[x).dxj the / being originally only the 

long 8j and being used as being the initial letter of the 
word sum. 

Every differential coefficient, which has been inves- 
tigated, gives rise to a corresponding integral: 

(1) " (oT) = mx"-' ; or Jmx''-'dx = x", or Jx'^'dx = - ; 

CuX llh 

but to apply this in integration it is more convenient to 

aj"*"*"* 
put m+ 1 for 7W, so that (a^dx = — -— + C. 
'^ ' ^ w + 1 

(In simply transforming differential coefficients we shall 

omit the (7, but it must on no account be omitted in any 

application). 

d 1 Cdx 

(2) ^Oog«^)=-; orj— = logx. 

Here it may be asked why this integral is not deduced 
at once as a particular case of (1) by putting ?» = — 1, 

since then oT becomes - . It will be seen that in that 

X 

case becomes oo for all finite values of a?,. whence 

w+ 1 
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we conclude that G must for that particular value of m 
have an infinite value, and we deduce the special case as 

follows : (x^dx = -+G = — - -f G\ since — — r is also 

•^ w4 1 m-\- 1 ' 7W + 1 

independent of x. Putting in this m = — 1, we have 

r^ = 0' + limit of f^—^) 

= C" + limit of if^) = C 4 logo?. 
(See the first chapter of Differential Galculus). 
(3) ^(a') = anoga;. 

X 

a 



therefore a" = log a jadx^ or /a^rfa? = , 
These lead also to the integrals 

fix + aV dx = ^^ V— 1 7 = - logfaa? + b). 

•'^ ^ • 7WH-1 ' Jax-\-b a ^^ ^ 

Of course, as in differentiation, a constant multiplier 
appears in the integral as a constant multiplier also, i.e. 

/a^ [x)dx=^a /0 (a?) die. 

= -L{log(a + a;)-log(a-a;)} = llog(^). 

This is if aj <a ; if aj> a, we should have — logf ) . 

^Ot \x ^ clJ 

(These two forms differ by the constant, although unreal, 
quantity - log(- 1)). 

(5) -T- (sin ax) = a cosoo;, Jcosaxdx = - sinao:. 

(6) -T- (cosoo;) = — a sinoa;, jBinaxdx = cosao;. 
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(7) -7- (tanao;) = a sec^axy JsGc*axdx = - tSLuax^ 

Cm) €1 






therefore / -77-= 57 = sin"* ( - ] , or — cos"* ( - ) : 

J y/[ar - a?') \aj \aj ' 

(differing by ^tt). 



(.0) I ,.g|f 



a 



1 ( X 

1 + 






therefore 1-77—9 — s\ = loff-^ ^ — ' 

jV(aJ±a) I a 

(There is no absolute necessity for the a in the denomi- 
nator of the log. It will be found in practice to be simpler 
to use this form than the one without the a). 

These are the fundamental integrals and should be 
remembered; other integrals can, by various transformations, 
be made to depend upon some of these ; but every in- 
'tegration is finally an act of the memory, and the different 
processes of integration only consist in bringing the integral 
operated upon into a form which the memory recognises. 
Practice only can render any one expert at the trans- 
formations required ; but the general fonmula is as follows : 

Suppose ^ = ^(i»), «.6. y=j<f>{x)dx^ then if we can 
simplify ^ [x] by putting x=f{z)^ we shall have ji^^-^-j'i 
therefore ^ = ^ ^ =^ ^ { / («)} •/' (^) 5 ^^^ therefore 
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y =J(f) {f{z)} ,f [z) dz ; i.e. we must substitute for a; through- 
out the whole of the expression under the sign /, putting 
f [z) dz for dx as well as/ (2;) for x. As a good example 

take j-i ^, putting e'" = s, and therefore a? = log 2?, 

J- = - ; therefore 

CLZ Z 

dz 

z H — 
z 

This process may also be written, without using a new 
symbol, as follows : 

r dx [^dx f d{f) . ^^f ^. 

The expressions ^^^^l^^^^ , ^ + ^+^ , can be 

reduced to known forms by "completing the square,'' as 
if arranging the quadratic involved for solution ; viz. 

7 « ( >L i^ . ^^\ , ** 

a+6a; + ca;=ca?H 1- T-a+^^T 

\ c 4c / 4c 



="("+2^) 



h \' 4ac — h 
+ - 



2 



4c 
Hence, putting a; -f — = », 

j V(a 4 JaJ + ca;') " i //' « 4ac - ^ X ' 

which is of the forms (8) or (10) according as c is ppsitive 
or negative, and 

[ dx ^ f dx 

ja + bx-\- ex* " j4ac-6* „ ' 

hc« 

c 

which is of the forms (4) or (9) according as c is positive 
or negative. 
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r dx 

The integral l-. r — 77 j,. is reduced to one 

^ J{x-\-a) ^{p-^qx-i-rx'') 

of the preceding by putting a: + a = - . 

z 

The forms ,, ^ , — - — sr , and — ^ — - — « , are also 

V (a + to + car ) ' a + 6a; + ca; ' 

to be integrated by " completing the square," when they 

take the forms -^ ^ , -^ ; and ,7 5-, , « , 

V(w+C2J ) ' m-\-cz^ ^[m-\- cz) ' w+ca? ' 

become known forms by the substituting z^ = w. It is not 

at all worth while to complete the integration of all the 

special cases; the method by which they are reduced to 

known forms is what should be attended to. I will take 

an example of each form. 

_ r {x-\-2) dx r dx 

-JV{(a! + 2)'-l}+^JV{(a;+2)«-l}' 
and 

1 f ^^ - [ d{x-{-2) ' 

^^'^ jv{(^+2r-i}-jv{(^+2r-i} 

= log[a; + 2 + V{(^+2)*-l}],(I0); 
therefore ^ 

Tefo ( a?+4)^a; _ r{z_+2)_dz 
^^^ J a;^+4a;-f3 ""J ;^'^-l 

= ^'^sfenf = I log (^ + 1) - i log(a; 4 3). 



/: 
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(Such however had better be done at once by assuming 

X + 4: A B ^ 



=-2 V(4-«') + 9m-' (|)=-2 V(3-2a!-a:») +sm-' {^~) • 

= log(2' + 4) + itan-'(|) 

= log(a;' + 2a;-f 5) + ^ tan?^ . 

The other general method employed for effecting in- 
tegrations is what is known as "integration by parts," 

and is founded on the formula -j- {uv) = ^ j~ + ^ j" ? whence 

f du ^ f dv ^ f dv ^ f du , 

uv= Iv 'T-dx+ lu-r- dx. or \u -j- cton = uv - Iv-r-dx. 
J dx J dx ^ J dx J dz 

Thus, to integrate x sinaXy put w = a:, -t- = sin oa?, and 

therefore » = — cos aa;, in the formula, when 

a ' ' 



sinoo; 

a 9 



/ . , X [cosax , X . sin 

IX smaajaa; = — cosaa;+ I dx = — cosaajH ; 

J a J a a a 

dv 
similarly for x^ cosaa?, put w = »', -r- = cosaic, and therefore 

v = - sinoo?, whence 
a 

r a^ 2 r 

\x^ cosaajdir = — sinoa? — \x Anaxdx 

J a a] 

x^ , 2x 2 . 

te= — sinacc + — 5" cosax — g smaa;. 
a a a 



E 
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Again, to integrate e^siiiMx I wn«=e"'' -=Binnx 

therefore v = — cos no;, or 

n ' 

fe"" sinnxdx e""?^ + ^ fe"" cosnxdx (A) ; 

and (2) put M = 8iii7iaj, -7- = 6"**, find therefore t; = — e"*^, 
* ax ^ m ' 

and we have 

fe"*^ 8innajda; = €"" ^!i5^ - - fe*^* <^o^nxdx [B). 

J m mj ^ ' 

(A) and {B) together determine both integrals, subtract 
(5) from (-4), and we get 

fm ^ n\ C ^ ' *j ^/coswoj . sinwaj\ 

— h — e cjo%nxax *= e h ■ , 

\n mj J \ n m J ^ 



or 






multiply (-4) by — , [B) by — and add, when we get 

( — H — € smwccrfo? = 6 ( ; 

\n mJ J \ n m J ^ 

f mx ' 7 mx (wi slnwa; - n coswa?) 

/€ smna;aa;=e 5 5 -. 

J m +n 

Another important integral /\/(«' — a;*) dx may be found 

dv 
by putting u = Vl^** — ^*)j j~ = ^ > ^^^ therefore v = ar, then 

W{a^ '-a?)dx — x sj[a^ — a?) — \x. -jp^ ^ dx 

and 

I-77-2 ^2^ = — /?- 2 2N- ^x = a'' sm - - / Via'' - x^] dx : 



k 
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therefore 

and therefore = i ja? V(<*' - i^**) •+ «* sin"* ( " ) i • 

As this is one of the most frequently occurring integrals, 
it may be well to mention that the result may be obtained 
directly by considering the area of. a circle, centre 0, 
radius = a, P (fig. 5) any point of the circle, OM=-Xj 
MP=y^ then aj* -f y" = a'*, or MP= ^{a* '-x*)j and the 
, area AOMP=jsJ[d* — a?)dx^ corrected so as to vanish 
when X vanishes. But this area = sector AOF+ APOM^ 

= ^ a* sin"*( -]-^ix '<J[a^ — aj*), whence 

[V(«' - x') dx = ^\x V(a' - x') + a' sin'^^^)! , 

and no constant will be wanted if the integral vanish when 
X vanishes. 

Another important integral J^/{2ax — x*)dx is at once 
reduced to this by writing it /\/{a*— (a;- a)"} die, which is 

therefore =^^[^—0) Vfa"— (a?— a)*}+ — sin"* f j , but in 

this form the integral will not vanish when x vanishes, 
but when a; = a ; and as it is generally better to take the 
integral of such a form as to vanish with a?, we must add 
such a constant to this as will make it do so. Now when 

8 V 

33 = 0, the above result becomes — , and therefore 

4 4 

should be added, and the result will be 



x— a 



x — a 

or —-r — 



\/(2aa; — »*) + -^ ■ ^tt + sin"* [ 

V(2aaj - a?"*) -f I- vers"*f -^ . 



(For if i7r + sin"*^=^, ^— ^ = sin (e- ^tt) = -co3^, 
or a; = a (1 — cos 0)=a vers &)• 
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This integral J^{2ax — a;*) dx may also be found directly 
from the area of the circle. O (fig. 6) the centre, radius 
OC=^a^ OM=^Xj MP=7/y then 

y' + a; — a]* = a'*, or y = V(2aaj — a?*) ; 

therefore area 0MF=f\/{2ax — x*)dxj corrected so as to 
vanish when a; = 0, = sector 0CP±ACMP] but whichever 

€b f X\ X ""■ CL 

it be, the whole is — vers'M-j H — -— ^Ji^ax — a?)^ the 

second term being positive or negative correctly. 
Integrals of the form 

dx ^ dx C dx 



C dx r dx r 

Ja + b sinaj' Ja + b cosa? ^ Ja-\- 



b cosa: H- c sina; 



can be reduced to known forms Jby the assumption tan^a;=2;. 

Thus 

2dss 

It — = I ^ = I — = log « = log tan ix. 
J&mx J 2z J z ^ ^ ^ 



l-¥z' 



r dx _ C2dz _ (}^Z^\ 



fizrp = ^^s ( i^l) = ^^s ta«(i^ + i^) ; 



this may be found from the preceding by putting ^ir + a? 
instead of a;, on both sides, 

dx _^ f 2dz 

2bz 

f dz _ 2 f V 



f dx _ r 2rf;5 
Ja + b sina; ~ Ja(l +«*) + 



V(a*-i") 



tan 



-1 



a 
a 



+ 



a 



tan 



-1 



az-^-b 



V(a»-i*) *^ lV(a'-*")) ' 
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ja + b coax~ ]a{l + z'')-ib{l-z') ~ j^a+i) + (a-6)a' 

each of these will be of another form if J > a. The results 
given are, however, much the more frequently required, 
not that these should be remembered, but the method; 
viz. when sinaj or cos a; occur in the denominator in the 
first power, put tan^a3 = i3. 
Should h>a the results are 

r dx __ 1 f atan^a; + S~V(y-a7 

]a^h aina:"" V(6'-a') ^^{a tan^aj + 6+ V(*'- «')}' 
dx _ 1-1 f\/(& + a) + VfJ — «) tan^aj] 



/; 



a + & cosa? tsji})'' - cf) ° |V(^ + «) — V(i — «) tan \x) ' 

I dx 

The remaining integral | — = — -. should be 

° Ja + 6 sma? + c cosa: 

changed by putting 

b = m cosa, c = m sina, 

j therefore w = V(&* + c'), tana=-T[, 

and it becomes 

f f^ or r_£i^±4__. 

Ja-\-m sin(a? + a) ]a-\m sin(a; + a) * 
The three integrals 

dx C dx I dx 



C dx C dx I 

J a-^J^ sin^aj ' J« + ^ cos'' a; ' J a 



+ I cos' a? + c sin'^aj 
doc- 



are essentially of the same form / = — '- ^-^ , and 

Jm cos x + n sm x ' 

may be reduced by taking tana; = 2?, so that the last in- 
tegral becomes 

Jm + nz ^/[mn) [y \mj J ' 
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if ?w, n have the same sign, or 



log 



V(— w)2H- ^/m] 



if w be negative and w positive, or vice versd. 
The following integrals 

I 77-1 2\ ^5 /-777^ s-v ^j f"* V(a* - a?") dxj 

and /aj"* \/(2«« — i»*) dx^ 

frequently occur with different integral values of wi, and 
are to be obtained by what are called yj>r7WM/flB of rediLction ; 
i.e. in each case the integral is expressed in terms of 
another of the same form, but with a lower power of a?, 
and this is carried on until the integral involved is known. 



, = - a;'^' V(«' - »») 4- (m - 1) jx'^ ^/ia* - x") dx, 
and jx-^ ^/{a' - x') dx =fx'-^ ^^) ^ = «'^m-. " ^m, 

therefore P„ = - a;"- V(a' -x') + {m-l) {a'P„_ - PJ, 

or mP^ = - ic"-' Via" - «') + (>« - 1) a'P^. 

If the limits of the integral be and a ; or — a, o, 
the integrated part vanishes at both limits, and we have 

/•• a;" J m-l ^ f" _^^^dx_ 

<^{2ax - x") J i/{2ax - a;') 

and jx"'-'^y{2ax-x')}dx 

= x"-' V(2oa; - x") - {m - 1) fx"^ 'J{2ax - a;") <fo; 

= a?*"^' V(2aa; - a;") - (w - 1) ]—j~ ^r^ dx 

^ ' ^ 'J \/{2ax — ar) 

= x"-' V(2aa; - x^) -{m-l) {2«P_. - PJ ; 



II. Take P„ = 



Jj 
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therefore 

P„ = _ X-' V(2ax - x^) + aP„., + {m-l) {iaP^,., - PJ, 

or mP^ = - a""' •^[lax - a;') + (2ot - 1) aP^^ ; 

^ ^ r «*" , 2w-l /•*" x^-^dx 

therefore I -77- ^ ax ^ a j -77- g-, . 

jj ij{2ax — x) in J^ >/{2ax — ar) 

III.' P„=/a;"'V(a'-a''')<ia; 

= - ix''-' (a* - ar-)* + ^^ /a*^ (a" - a:') VK -»•)<& 

= - ix-^ (a« - a:*)' + ^ (a^P^^ - PJ, 

or (m + 2)P„ = -a;'-«(a''-aJ')U(m-l)a*P„^, 

whence f a;" V(o' - «*) ^^a; = ^^ «" f a;"^ V(o'' - oe') dx. 
IV. P„=/,a!"' V(2aa!-a!'')<ia;=/a!"-'{a-(o-x)} v'(2aa;-x")<& 
= aP^,-iJx'"-^^{{2ax-xi}dx 

1 nrn — 1 

= oP^,-ia;'^'(2aa;-a;')*+ -5- /x'"-*(2ax-a;') ^H^ax-x^)dx 

whence (w + 2) P^ = - aj"^' (2aaj - a;*')* + {2m + 1) aP^_j, 

and ( x^ ^J{2ax-a?) dx =^^^ a \ " a?*"-' ^Jl2ax - a;') rfa?. 
Jo . w + 2 j^ ^ ^ 

Another such integral may be given, which really includes 
these four; or, at least, from it they can aU be easily 
deduced. 

P^ =/sin'" xdx = - /sin"*~^a? -r- (cos a;) dx 

= - sin"*"*a; cosa? + (tw — 1) Jsin'^'^a; eoa^xdx 
= - 8in"*"*a? cosa; + (m - 1) /sin*"""a;(l— sin^'ajjeii: 
= - sin-^-a. cosa: +{m^l) (P^^ - PJ ; 
whence wP^^ = — sin*""*a; cos a: -f (rw - 1) P^^, 
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BO that / sivrxdx= | BirT^xdx. 

Jo '^ K 

Putting \ir — x (or X in this result, we get 

cl"^ 7w — I ri*"" - 

Jo ' '^ Jo 

and we also see that 1 sin^xdx= I co^xdx^ (as is 

obvious, since the elements of each are exactly the same, 
but in reverse order). 

m!L'xdx= \ sin''icdir+ I sin*a?dir, and 

if in the latter term we put ir — x for x it becomes 

I sin^ajrfa;; whence / sin"a;c?a; = 2 I sin^cctir ; (as is 

obvious from first principles, since the elements of the 
integral from ^tt to tt, are the same as those from to \ir 
in the reverse order). The formulae of reduction I., II., 
III., IV. can be all deduced from the formula for j^in'xdx 
by putting x^a^inz In I. and III., and x — 2a sln^js;, in 
II. and IV. 

A very useful result In finding the values of definite 
integrals is the following : 

/ ^[x)dx^\ (f>{a''x)dxj which Is obtained at once by 

J •'0 

putting a — jj for flj in the first member. It must be 
remembered that a definite integral is not a function of x 
at all, and that it is of absolutely no matter by what 
symbol we denote the variable in the subject operated 
upon. Thus we might get for the above 

1 <l>{x) dx = I (f)[a - z) (- dz)j 

>' "^ o 

since when x = a^ a — x or 2? = 0, and when aj = 0, « = a, 

= 1 ^ (a — «) cfo, 

but this is exactly the same thing as I <f>[a — x) dx, 

J A 
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The result is obvious if we draw the two curves 
y = (f>{x)j y = (f>{a — x)j suppose BPQDG (fig. 7), and 
bpqDc^ then if OM^Xy ilfP=<^(ir), Am^x^ therefore 
Om =a— a;, then mp^MP^ since mp=4>{a-'0m)=ff>[x) =MP. 

The area of the curve BOAG=^ j (f>{x)dxj and that of 

c OAb = I <l>{a — x) dxj and these areas are manifestly equal, 

the bounding curves being similar and equal. 
The following is also sometimes useful : 

I ^{x)dx—j{^[x)-\'<f> (2a — x)} dx ; 

J •'6 

for I <l>[x)dx^ylr{2a)-yjr{0)=ylr{2a)''y^^[a)+^[a)-'y^^{0) 

= / (f)[x)dx'{- I ^ (x) dxj 

J a •'o 

and if in the first term we put 2a — z for Xj it becomes 
I ^ (2a — z) (— dz) or I (f) [2a — z) dz^ or 1 (2a - a) dir. 

•'a •'0 •'0 

This is also easily proved geometrically like the former. 

As examples of the use to be made of such formula, 
take 

J xF{sinx)dx= j {'7r — x)F{sin{'n' — x)}dx 

= TT j jP(sina;) dx — | xi^(sin a;) (for, 

therefore 1 ccJ?" (sin a;) ci» = — I -F (sin x) dx. 

^, /"^ ocdx TT r*^ db 

Thus I :; ; — = — I rT"^ — = '"'^ 

J. 1 + sina: 2 J. l-fsina ' 



and 



"^ X sinxdx tt T* sina^cfa; 



/"^ 03 smajoa; _ tt T* sin 
j^ l-fcos"a?"2 j^ TT 



cos'' a; 






<Z (cosa;) ^ ^ -1 / v"^ TT 
— ^^ :r^ = tan Vooaa?)- = — 

F 



2 



a — ^ tan"* (<50S^)o = -r • 
Q . + cos'^x 2 ^^04 
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So also I log(l + taiia?)da;= / log-jl +tanf--a;j t?a; 



= £ log(l + y:^)<^==1 {log2 - log(l + tanx)} dx 
= — log2 - I log (I + tana?) dx^ 

* J 



or 



I log (1 + tana:) dx — — log2. 
The following makes use of both formulae, 
let M = I log (sin x) dx^ 

•^ 

then tt = I log(cosa;) do; by (1) ; 

•^ 

therefore 2u = I (log sina; + log cosa;) dx^ 

Jo 

or 2u=l logf — — Waj=l log (sin 2a;) daj — -log 2. 

But I log sm2xdx = i j log (sin 2a;) d (2a;) 

~4 I log (sin a;) dir, 
and therefore = J I {log sin a; + log sin (tt — a;)} dx by (2) 

•^ 

= i I (2 log sina;) dx^u] 

J 

therefore 22* = u — — log 2, or w = -- log (J) ; 
and we see by the proof that also 

r Jx Tj- Fir 

\ log(cosa;)e?a;=~ log(^) ; and I log(sina;)rfa;=7rlog(^). 

The most useful application of (2) is to such as the 
following : 

I F{fimx)dx=^2 j F{sinx)dx] 

J J Q 
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fir f^TT 

j F{co&x) dx = / {F{co&x) + -F(- cosa;)} dx^ 
and of (1 ) / 2^(811135) dx=^ I F{cosx) dx. 

J •'0 

Thus 

I sin*xdx=j oos^xdx=j |(1— sm*a;)c?a;=j7r— I sln^xdxy 

J J Q J J n 

therefore I oin^xdx = Jtt. 

•'0 

Integrating by parts 
f *- (log sinx) ei» 

•/ 

= (a? log sina;)^^ ^ — I a; cotarrfa; = — I dx^ 

Jo Jq tana; 

the former vanishing at both limits ; therefore 

I 67a; = i7rloff2 

Jq tana- ^ ^ 

= +i / -7-g-aa; = i/ -5-5- oa?; 

V2 tanaj/o ^ J^ sm^'x ^ J^ sm'^aj ' 

therefore | . .. dx = 7r log 2. 

Jo sm^r ° 

The integral I log (sin a:) dx may be evaluated thus : 

•^ 

= ^ I log(sin'aj)c?a;=^ 1 log (cos^a?) rfa; 

= ^ I log (1 ~ sin' a:) dx 
J 

= — J I {sin*a; + |f sin* a? 4-^ sin'aj+...} 

•'0 

(1 1 1.3 1 1.3.5 
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.1 i? ^ 1 1 a: 1.3 3 1.3.5 ^ . 

thereforfe — j^. — -^r -- = ^ + ^-7*+ TTTa ^ +— 5 
X V (1 — » ) « 2 2.4 2.4.6 

therefore 
j^ \x V(l -ic') a? J 2 12 "^ 2.4 • 2 ■*■ 2.4.6 * 3 "^•"t 

= 2 log ( sec- j = 2 log V(2) =log2. 

Questions on Integral Calculus. I. 

1. If y^' {x) = ^ {x)j and -r— = ^ (x), prove - that 

U=yjr[x)+ C where (7 may have any value independent 
of x,^ Explain what is meant by an indefinite^ a corrected^ 
and a definite integral. 

2. If '^' {x) = (f> (a), and A = - (i — a), prove that the 
ZtVnti^ of the sum of the n elements 

A [^ (a) + <^ (a + A) + ^ (a + 2h) +...-f <^ {a + (« - 1) A}], 
when A = 0, is -^ (J) — -^ (a). Hence prove that the sum 
1 1 1 1 



n ^ V(w'- 1') V(n"-2'^) ^-^VK-Cn-l')} 

tends to the limit ^tt when w = x . Find the area of the 
curve y* = Aax included between the ordinates x = 2a, a;=8a, 
and the curve. 

3. Write down the integrals of a;"*, -, a*, e"'*, sin a?, 

cosaj, sec'a;, -77-= 57 , -= ^ , -77-= — =r ; also deduce the 

' 'v(a — a?) a' + ar' V(« ±«) 

value of / — from the equation lx^dx = — —^ + (7. 
J X J wi-i- 1 
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4. If X =/(«), prove that /^ [x) dx=J<l> {/(«)} >f («) dz ; 

r ux r ux 

and obtain the integrals I -77-;^ ^ , and / — 77-5 «; * 

by putting (1) x=^a (1 — cosa?), (2) a; = a sec«. 
5* Prove the formula for integration by parts, 

f dv J r du J 

\u -Tj-dx^uv— iv -Tf-dx, 
J ax J ax 

Apply it to find the integrals of x cosaa;, u? slnaa?, a?" loga;^ 
8*"* cosna;, and cosaa? cosJa:. 

6. Shew how to integrate 

^/{a '{■bx±cx^) ' a -f 5aj + ca;" (a; + a) ^{b i-cx+ ex^) * 

7. Integrate 

1 1 1 

a + i cosa; ' a + J sinaj * a + J cosa; + c sina; ' 

(when a > J in the first two and c?>V-\-(? in the third), 

also integrate , ~ — , ; — -. — ; or deduce them 

° cosa; ' sma; ' cosa; + smaj ' 

from the former. 

8. Prove Jhat 1 is/{ci^''X^)dx^\ira*^ 

I V(2aa; - a:'*) da? = ^Tra* = 2 I V(2aa;-a;^)(&, 

and 1 a; V(2aic — a?") ^a; = ^7ra*. 

■'0 

r* -1 

9. Prove that I a;*" log a? c?a; = 



)1 9 



and deduce ^ 

C logaj ,111 ^ / 'Jr'\ 
j„^'^ = r + r» + 3-«+-*"* (or-j; 
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10. Prove that [ — 
and 



^ dx C08"V 

6 cosa; V(l " ^) ' 



/"** dx —e 1 -1, X / .X 

I /■;; ^ = ; i H cos (e), (c < 1). 

;, (l+ecoBx)- 1-6* M_g.xi 

( Tointegrate 7; r= first differentiate ) . 

\ ° (1 + e cosa?) 1 + e cosx/ 



Questions on Integral Calculus. II. 
1. Find the value of 

generally of / V{— «i + (« + J) ^ " 33'} cZar, 

J a. * 



a 



and of I aj \/{- «i + (« + J)a; — a:*}db;. 

Put X = — - + «, 

the answers are Jtt, ^tt (J — a)*, t7 (& + «) (i — a)*f • 



Prove also that 



I a; (a: - 1) (a? - 2) (a: - 3)... (a? — 2n) db = 0, (put a; = w + a), 
2. Prove the following formulse of reduction : 

a " 

(1) f aj" V(a"-a^'')rfa;=^a*f aj"-V(a"-a:')(?a;; 



a • " 



(2) [ a?" V(2aa;- a:') c^a; = ^^ a [ «""' V(2aa;- a;')dic j 

•'0 7* "T ^ Jq 



(3) / sin" a:da; = / sin''"*a:daj 

= ^ I sin"ar(?aj=/ co^xdx. 
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3. Assuming that the limiting value of the ratio 

Jo Jo 

when n is indefinitely increased, is one of equality, prove 
Wallis' Formula 

TT 2' 4' 6» (2w)" 



2"2»-l 4--1 6'~r"(2w)^-l' 
4. Prove that I - — 



n = Go , 



dx IT 



6 COSCC V(1^0' 

Trri + ^'^l 

J, l + ecosx)-"^[7J^Vo (l + 6C0sa;)»" ^^__^,^t ' 
and generally that 

TT f w(«-l) w(«-l)(w-2)(w-3) , 
~ (1 - e'P f "*■ 2" "*" 2».4' "*"•• 



-{transformed by putting tan^a tan^z = • /(-j ]\ . 

5. Prove that I ^{xjdx^ j <j>{a — x) dx, 

Jo J a 



o 



and thence that 



I X sin^ar^ = ^TT I sin"a;cir = 7r I . am^xdxj 

J Jo Jo 



and that I v~; — ^ — = tt. 

Jq l+sma; 

6. Prove that 1 ^ ' . — = -77- ^r cos"* (c), 

and deduce 

r'«-log(l + esina;) , ^ , . , 

J ° . ■• ax = ^a (tt - a), where sm a = €• 

Jo sinaj, 

7. Obtain formulas of reduction for 



40 DIFFERENTIAL AND INTEGRAL CALCULUS. 

provethat2(n + 2)P^-3(2n-l)P^.^+4(n-l)P^^ = 0. 

8. Obtain the complete areas of the ellipses, 

(1) aa;' + 2Aa2^ + 5y=l, 

(2) ax' + 5y" + c + 2^+2<7a; + 2Aa:y = 0. 

For any value of a?, we have, in (1), 

hy=^ — hx± »s/\b — (oJ - A*) £c*}, 

whence, if y,, y^ be these two valaes of y, the element of 
the integral is {y^'-y^)dx^ and this must extend over the 
values of x for which y^ and y^ continue possible ; hence, 
if we put b = m^ {ab — A'*), the limits of a; are - wi, wi, and the 

area=T / \/[b-[ab''h^)x^]dx='i*J{ab—h^) j V(wi" — a?*) dx 

(2) treated in exactly the same way, gives the area 

ir{af + bf + ch:'-abC''2fgh)-^{ab-h'f' 

9. Obtain the whole area of the loop of the curve 

y^ = X* — ; — ; also of the area between the curve and the 
asymptote. (1) 7ra'(2-^y, (2) Tra^ ^2 + |^) . 



Differentiation op a Definite Integral with 
respect to some symbol involved. 

Suppose u= I <l>{xj z) dxj where z is b, quantity in- 
dependent of a;, and also of a and bj then if 

^ {"k (aJ, 2)} = ^ K «), v = yjt {h, z)-^!^ {a, z). 
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In the case where a, h are independent of «, to find -j- , 
we shall have 

tt -f Aw = / ^ (a?, « + t^z) dx ; 

•^ a 

therefore Au= j {<f> (a?, « + Az) — ^ (a?, z)] dx^ 



-J a5 '^^» 



hence, taking the limit, we shall have 

du [^ d 



^ = /3-,{^(^,«)l'^; 



^ or we differentiate the quantity under the integral sign 
with respect to «, just as if no integral sign existed. Of 
course in exactly the same way we may integrate both 
sides with respect to 2?, when a, h are independent of z. 
If, however, a, h are related to z in any way, the complete 
differential coefficient with respect to z will consist of three 
parts, (1) that which we have already formed, (2) that 
arising from the variation of (5), (3) that arising from 
the variation of a. The first we already have, the second 

du db d f . ,, w db , ,, .db 

since ^ {t^ (a;, z)} = <f, (x, z) ; 

. ., , du da > r V da 

or the complete differential coefficient of u with respect 
to z is 

n 

Thus [ V(a?)^=§a^(8-1)= V«'; 

•^ a 

G 
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and the differential coefficient of this with respect to a 
will be (1) + (2), V(4o) 4-(3), VW or 7 VW which is 
obviously true. 

If, however, we had taken I ^/{ax)dx=^-^a^j the 

J a 

complete differential coefficient with respect to a is 

V(a!) 



J a 



2 V(«) 



dx + V(4a') 4 - Vt'i'), 



or 



, ((4a)' -a^) , ,, ,, 28a 



which is obviously correct. 

The second differential coefficient is often calculated, 
but it is bettier to use the above again when necessary. 
A good example of such integration is the following: 
we have 



J„ l + esma; J^ 1 



dz 



+ «* + 2C2 

rfz 2 



( z + e ) 



iir 



^W^) L^''"''" ivir^^*)) 

whence integrating both sides with respect to ^, which has 
no concern with the limits, 

f ^»gU + ^»i°'") dx^_ {cos- (.)}' + K, 

K being independent of e, and when 6 = 0, the left hand 
vanishes, therefore ^= (^tt)', whence if we put e = sin^, 
we have 

/"^ los:(l + 8in5 sina?) , ,. .„ ,. ^.» ^ ^^ 
J sina? 



DIFFERENTIAL AND INTEGRAL CALCULUS. 43 

6 being an angle less than ^tt, since we take 5 = 0, when 
6 = 0. Similarly 

log(l - sin 5 sin a:) 



/■ 

J n 



sino? 



dx^-ire-e^j 



, r^ 1 , /l + sm^ sina;\ , ^ ^ 
whence j . - log , . ^ . ) dx = 27r5 ; 

and also -^ — log . ^ . — ) rfa; = ird. 

J^ sina? ° \1- sin5 sma;/ ' 

J f^ X . /l + sin^ sina;\ , -^ 

and I -. — log L . ^ . — da: = 7r"5. 

J^ sina; ° \1 — sin 5 sinxj 

f^ 1 
Also / - — log ( 1 - sin' sin'aj) dc = - 2 fl* 
Jq sina: °^ ' 

= 2 / -; — log (I - sin" 5 sin'ic) dx^ 
J Q smaj 

and I -; — log (1 - sin* 5 sin'* a?) dx 

Jq mux °^ ' 

= A7r I -; — log (...) = - 7^5^ 

i 

Examples of the Use of this Method. 

1. Determine the value of I tan"* [m V(l — tan* a;)} dx. 

2. If a string just surround a closed oval curve, and 
another curve be formed by unwinding this string, be- 
ginning at a point P, and unwinding the whole, the whole 
arc of this involute will be a maximum or minimum when 
P Is such a point that the perimeter of the circle of cur- 
vature there is equal to the perimeter of the oval, a maxi- 
mum if unwound in the direction in which the curvature 
decreases from P, and a minimum for the opposite direction. 

3. A string of given length is fixed to a curve at 0, 
and laid along the arc OP of the curve, it is then unwound 
and bound on to the curve on. the other side of along 
the arc OJ?*. Prove that the arc traced out by the end 
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of the striDg will be a maximam or minimum when the 
tangents at P, P' are equally inclined to that at 0; and 
that it will be a maximum or minimum according as the 
curvature at is greater or less than the arithmetic mean 
between the curvatures at P, P, 

4. A family of curves r = cf[0) is described, the pole 
being a point 0, and aoy one of these curves meets the- 
prime radius in A^ and a fixed circle with its centre at and 
radius a in P, prove that when the area A OP is a maxi- 
mum or minimum, it is equal to half the triangle POT, 

I give solutions of (2), (3), (4), which I think may be 
instructive to a student. 

(2) s,ny JLxed ^oint on the curve, OP=Cy 0Q = 8y a, 
6 the angles which the tangents at P, Q make with that 
at Q (fig. 8), then if 8 be the whole arc of the involute 

/.sir + at 

therefore 

^ = - ^ (27r) + (P(2)«'"*- = perimeter of oval - 2ir ^ , 

dc 
or /S is a maximum or minimum if 27r x -7- == perimeter of 

oval (and -j- = radius of curvature at P j , a maximum if ^7- 

increases from P towards Qy i.e. if the curvature decreases. 
If unwound in the opposite direction from P, the arc of the 

involute =1 (P— ^ + c) c?^, where P is the perimeter, 

and the sum of the two = 27r P, or is the same for every 
point, so that if oue be a maximum the other must be a 
minimum. 

(a) The same notation, arc ^P= arcP^ = a, /9, ^* the 
angles between the tangents at Qj Q (fig. 9), and that at 
P, then the whole arc generated 

?= Tra -f / [8-\-a — c]d9+\ {c-\-a — s)dd = Uy 

J a~fi ' Ja 
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.1 /• d^ r^ do ^, dc 

therefore T ~'^ f^T '^ ^ T" + ^~"^) 

dc 
= (iS' - /S) ^ = O' -^ y3) X radius of curvature at P, 

d^'u (dff d/3\ 



da' 



-S-S'.*»^-^. 



and -, / ~ = curvature atO = — =-=-1— j-]; 

a[o— a) r^ dc \ doLj 

therefore 1-^ = ^, 1 + ^ = ^, 

da r^ da r, ' 



d'u 
therefore for a maximum 



^'ik-'k-D' 



/3' = y3, and - + - <?. 

r, r, p 

112 
For a minimum ff = /8, and - + - > - , 

r, r^ p 

(4) w = i [ cy»> rf^, where c/(a) = a, 

Jo 

therefore ^' (""^ "" ~ ? ^ ' 

'therefore ^ = o ^ /"/S? ef0 + JcyRT 

Now c/(«) =a, and-^>"j* = cot OPT (%. 10) ; therefore for 
a maximum or minimum 

rt = 4 - cot OFT, or m = la" tan OFT, 

= \C^FOT. 
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Differential Calculus. 
Successive Differentiation. 

Having Investigated methods of finding tbe differential 
coefficients of any functions of Xj we next consider rules 
for tbe second, third, ... differential coefficients. We 

have denoted the differential coefficient of y by -7-y, i.e. 
we may say that we denote tbe operation of differentiating 
with respect to x by the symbol -p j and a natural ex- 
tension of the same notation will lead us to denote the 
operation of differentiating 2, 3, .... n times by the symbols 

t) ' t) ' ••• t) ' ^^ *^® *®^°^^ *^'^^» ••• ^'"^ ^'^^' 
rential coefficients of y by -7— , -^3 , ... -—. This nota- 
tion has the great advantage that the indices denoting 
the number of operations follow the laws of indices in 

ordinary algebra; Le. ^^j \-^ y = (^^j y, and any 

equation which holds in ordinary algebra between symbols 
of quantities will hold also when members of the equation 
are these symbols of operation. The most important for- 
mula of successive differentiation is at once found in this 
manner; we know that if u, v be two different functions 

of a?, 

d , . du d'9 

or, we may write it, the operation -7- applied to the pro- 
duct uv is equivalent to the sum of the operations B^ and 
i>j, where D^ represents the operation of differentiating 
u only, and D^ that of differentiating v only. Hence the 
operation 

(^)"=(Ati'.r, 



or 
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(H={z?;+«A"" A+ %^ A""'A' + . ..+ A"} ««, 






but i);(ui;) = iJ^:, 

since i), operates on m only, 

A""' A (w^O = ^ ^ J and 80 on, 

^^ dx^ """ dx'''^'' dx dx^'^ 

n(n-l) ^ d^ dy 

Of course the same holds for the product of three or more 
factors, the coefficients being those of the multinomial 
theorem. 

^, d'^(uvw) d^u ' d^v d^w 

^^"^ -^?-=^«'^+«'"^'+'"'^ 

„ d^u dv ^ ^ - ,, - ^ du dv dw 

+ 3m? -7-5 -7- + 5 terms of the same form + 6 -^ — 5 — ,- , 
aar ax ax ax ax 

and in general 

d"" (UVW) ,r^ r, T^xn 

D^ operating on u only, i>, on v, D^ on 2(7, but each 

d 
meamng -7-, 

The n*^ differential coefficients of the functions since, 
cosx, logx are readily found. 

Thus -7- (sin x) = cos a; = sin (a: + ^ 7f ) ; 

therefore 

J'(sina;) ^ r • r , 1 m / . 1 \ • / . ^ttN 

~k? =^{sin(a;4-i7r)j=cos(a; + ^7r) = sm(^ii; + — J, 
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and so on, each differentiation adding ^ir to the angle^ or 

-j-a (cos a;) in exactly the same way = cos fa: + — J , or may 
be deduced from the last, for since 

■7- (sma:) = cosa:, 
therefore 

d"" . . ^"'^Vsina:) . , , ^^ . ^ I wttN 

^ (cos«)=: — ^H+r-^ = sm{ar+(n + l)i'7r}=cos[a;+— -I : 

and 80 on ; therefore 






a;' ' 



h (1°«-) = (- 1) 



1-1 I 



X 



The i{^ differential coeflScients of sin (a; + a), cos (a? + a), 
log (a? 4- c) may be at once written down from the above, viz. 

8m(^a: + a+-j,cos^a:+a+-j,i-^J;^ 



and j-^ sin (aa:) = a" sin I ai + — ] , 

/ \ n f W7r\ 

cos [ax] = a cos ( aa; + — 1 . 



dx' 



t^, . « 1 — cos2a; „ l + cos2a; 

bince sm a? = , cos a; = , 

J* ft 

. - 3 sina;- sinSa; . cos3a; + 3 cosa; « 

sm ar= , cos a; = , &c., 

4 4 

the n^ differential coefficients of these and all like functions 
can be at once obtained. 

The n^ differential coefficient of [xu] is 
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the n^^ differential coefficient of [x^u) Is 

for the like reason. In general, if one of the functions be 
a rational algebraical function of r dimensions, the n^^ 
difforential coefficient {n>r) will onlj contain (r+ 1) terms, 
since the (r + l)'*" and all subsequent differential coefficients 
of this function will vanish. 

The n^^ differential coefficient of 

We can find the n^ differential coefficient of -^^ — , bj 

separating it into the sum of two fractions, with denomi- 
nators x-Cj aj + c, and so with any algebraical fraction 
whose denominator is the product of simple factors; of 
course all are so, but if the factors be unreal, we shall have 
to use De Moivre's Theorem to get the result in a real 

form. Thus, if y=-^ -, the factors of ai^—x+l 

XT "^ X "T" 1 

are a; — a, a? — /S, where 

a = cos Jtt + V(— 1) sin Jtt, fi = cos Jtt - V(— 1) sin Jtt ; 

and if we assume y = 1 3 so that 

^ x—a X- p 

l=^(a;-/3)+5(aj-a), 
we have A = 5 = — ^1 

_ _J_ f 1 1_) ^ J_ {^ 1_| 

^^ ^"a-ZSJaj-a a?-i8j ^-a\oL-x fi-xj' 

therefore ^>- = J^ I— 1— - -J ^l 

tberetore dij*» i8-at(a-a^r' (iS-^PJ 



H 



n>i ~ 
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Now a— aj=co8j^'^a4-V(-l)sinj7r=p{cofl^+V(— l)8iii^}, 
if taD^= ^^, and p^s/{l^x-^a?\ 

rf*y l^ 2 v/(- 1) /■" sin {n+l)4> 



k«+i 



V»N-1 



die" 2 V(- 1) /> sin<^ ' (a* - a;+ 1)' 

_ 8in(n + l)<^ [g 

where tan^ as above = ^l^ ) ^^ since sin^= gT/ hlj^^'j i 

we may write the result I n — ^^ — / - . \n+a 
•^ ^ L_ (siniTrP 

This method will apply to all such cases of unreal 
factors. 

The n^ differential coeflScient of tan"* a; is most con- 
veniently expressed in terms of ^tt — tan"*a; which call 0^ 
then a? = cot^, 

therefore —^ = 2 smd co&6 -r- = - sin25.sin^5: 
ax ax 

, dx 1 

because 



dd sin«^' 

therefore ^^ = - ^ {2 cos 2^ sin' ^ + 2 sin 2^ sin 5 cos 0] 

= sin'^.2 sin^ (sin^ cos2^+ cos^ sin2^} 
= 2 sin^^sinS^. 

We observe the law so far to be 

0=(-l)"-^|n-lsinngsin"g, 

and assuming this to be true for any particular value of n^ 
we at once see that it is true for n 4 1 ; therefore, &c., the 
ordinary course of the proof by " Math. Induction.'' 
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This may also be proved by the use of De Moivre^s 
Theorem, for 

%-f 1 > 1 ] V(-i) . 

dx V(-l)-a' V(-l)4a!j 2 ' 
therefore 

. _ v(- 1) ■ {v(- 1) + ter -{^- v(- 1)1" 

and if 2; = cot d, 

{a; ± V(- 1)}"*' = {cos ^ ± V(- 1) sin e}"+^ -i- (sin ^"" 

= {cos (n + 1) ^ ± V(- 1) sin (n + 1 ) e)} -r (sin ^)"" ; 

therefore Q ^ _ , „ «^(^±l)f (il^!^ 
tneretore ^^, - |m ^^.^^^,^. ^_^^^, 

^ =(-!)"[« sin (n+l)^sin"+'^. 

To differentiate a;" logo;, take 

y = »" logar, ^ = «»"-" logaj +«"•-, 

whence a5-^=«y + a;*; 

therefore 

therefore 



Now -^ = noS^ 

ax 



•{loga:+i}, 



3=«(«-i).-«{u>g.+j+^4^}, 
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and if we assume 

g=n(n.l)..,(n-r+l)a;«-|loga.+l + ^+...+^ 

p=n(n-l)...(n-r)a.— |logx+^ -h ^^+...+ ;^J 

= {logo? 4- - + -^+...+ 1 , 

the same rule. 

If we put r = n in (-4) we get at once -^-s^ = Uij 

whence all subsequent ones are known. For purposes 
explained in the next section, it is often conyenieut to 
obtain a rational equation connecting two or more dif- 
ferential coefficients of any function. Suppose, for instance, 
y = sin"*a?, therefore 



the required equation. Differentiating this n times, we have 



<&"« ^*' rfa' 



or (l-a:')^-(2« + l)«^,r,-«'^. = 0. 

So if y » (8in-*a?)», >^{i-a^^^2 em'x, 

^^ W V(i -a;*) rfa; V(l - «') ' 

or (1 — 05*) -j^ — x-^ = 2, which of course leads to the same 
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equation as before, except tbat in the former case the 
equation is true when n = 0, which Is not so here. 

The two functions sin (9/2 sin^^o;), and cos(m sln'^o;)^ each 
satisfy the equation 

and therefore also the equation 

The function s**^'* satisfies the equation 

(It wIU be observed that this may be deduced from the 
last by putting a V(- 1) for w, and therefore the resulting 
equation connecting the higher difierentlal coefficients ia 

So in general functions of any form may be eliminated 
by difierentlatlon, and a relation found connecting their 
differential coefficients. Such a relation is called a dif- 
ferential equation. The principal use made of them in 
the diff'erentlal calculus is to find the law connecting the 
successive coefficients of different powers of x when the 
function is expanded into a series of integral powers of or. 
Thus, if we had not the Binomial Theorem, and found 
the differential coefficient of (I + a?)" to be « (1 + a?)*"* other- 
wise (which Is not difficult), we should have If y = (l + a;)*, 

the differential equation (1 + a;) -~ = wy, and assuming y 
to be 

then (i+ar)(^, + ^,aj+...+ ^,j^3^ + ^^,p+...) 

T~~. . ~ . x' 



= n^^ + ^^a;+...+ ^,r^+...)y 
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or equating coefficients of x'^ 

L73I + ^ = «n:; therefore ^^. = (n-r)^,; 

therefore A , = nA^^ -4^= n (n - 1 ) A^^' &c., 
and therefore 

which would satisfy the differential equation whatever 
A^ be ; but since in this case y = 1 when a? = 0, we have 
J[^ = 1, and obtain the expansion 

11 

The fact observed here that the solution of this differential 
equation involves one arbitrary constant and no more is 
true for all differential equations of what is called the 

first order, %.e. between -r- ly^x. So the general solution 

of one of the second degree will involve two arbitrary 
constants and so on, it being obvious that in the case 
of an equation, say of the second degree, we may, for 

any proposed value of a?, give y and —^ what values we 

choose, but when these values are chosen -^4 and there* 
' dxr 

fore all subsequent differential coefficients are determined 

by the equation. Thus, in the equation 

suppose we choose that when a; = 0, y = «, and ;p = i, 
and assume accordingly 

^ of 
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therefore 



,«— 8 ^r-1 



(1 - a") ^a, + a^aj + ...+ a, -^ + a,^, --^^ 



whence, equating coefficients of aj*", 



«r« «r fl^r 



= 0, 



j_r Lr-2 [r--! 
or a^ = a^ {r {r — 1) + r} = r^a^ ; 

therefore «, = 0; therefore 0^ = 0, «^ = 0, &c., 

03 = 1*6, o, = 3M*.&, a, = 5^3M^J, &c., 
and therefore 

, f 1 a;' 1.3 a;' 1.3.5 x' ' ) 

This is in fact y = a + J sin"* a;, which satisfies the equation 
equally well and is the general solution. 



Differential Calculus. IL 

1. Prove that 

dy dx __ dy ^dv dz ^dy dydz 
dx dy ^ dx dz dx du dz dx^ 

z being a function of a?, and u of z. Find the differential 
coefficients of 

in-g), C08-g), tan-g), vers-g) 



sm 



*^'"S^f^) ' ^^''"(n:^) V ^^^ '^"'' ^''^ ~''"- 
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1 -1 a 1 



■|-472«. 



V(a*-a:*)' ^J{d'-x^)' a^ + x^' ^{2ax-x'')' 

"5, cotic, -tana; 



}• 



2. From the equality 

sina? sin (a + x) Bin (2a + a;) . . . sin {(w — 1) a -f a;} H 2*"* eiinnxj 
where na = tt, 

find, by taking the logarithmic differential coefficient of 
both members, the sums of the series 

(1) cota? + cot (a -♦• Jj) + cot (2a + a;)...+ cot {(w — 1) a + a?}, 

(2) cot*a; + cot'(a + x)+cot*(2a + a;)+...+cot*{<w-l)a+aj}. 

3. Having given that 

XX X 8in2a/ 

COSa? cos— cos -s ... COSr^zv ... to 00 = — - — , 

2 2^* 2^ 2a; ' 

prove that 

X \ X 

(1) tana;+ J tan^ + ^tan^+... 

l a; 1 
+ ^rs:i tan-^ +... to cx) = 2 cot2aj, 

Z Z X 

(2) tan'ic+25tan'J + 2«tan''J+... 

+ --5:itan*^SHi+... to cos=f ;+4cof2a;. 

^ *t X 

4. Find the differential coefficients of 
, (2aa; + »•)?, ::r— -«» 



^{c?-a?y ^ ' " e' + e 
«vers-^g) + V(2a.-«^), tan->(f)4logy(^) , 

1 ,_f V(& + o) + V(ft-o)tan^a ;) 
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{ 



Ans. 7—* 



// 2a - x \ 2ax* 1 

'y \ X y' as* — a** a+Jcosa:]^ 

5. Explain the notation -7^ , -t4 -• j ai^d find the n'^ 

differential ^coefficients of sino;, •coso?, logo?, and sin^a;. If 
y = cot"* (a;), prove that 

^n = (- 1)" 1^-1 sin"y sinwy. 
i£y=x'-' logar, ^^=[«:J^ jloga; + {+h+l +•••+ ^TYJ • 

6. Express ^ in terms of ,, ., and their several 

'differential coefficients. Find the ri^^ differential coefficients 
of x^ sinaj, (1 - a*) cot"* (a?) ; and prove that the rfi^ dif- 
ferential coefficient of e*^ xiosbx is 

<a' + h')i e"* cos jja; + n tan"* (^)l . 

7.' If y = ^{» + V(ic'* + a»)}"-f5{aj + V(aJ* + a'')}" 
then will (a:» + a«)g+a.J-nV = 0, 

and («^' + 0^+(2r+l)a:^ + (r«-n«)g = a 



Differential Calculus. 
Expansions of Functions in Series. 

Tayhr^s Theorem. 

If we assume that a function (^ (x + A) can be expanded 
in a series of ascending integral powers of A, and assume 

that expansion to be A^-^AJi^-A^r- H-...+ -4^t— +... , 
where -4^, -4^ ... -4^ do not involve h at all, i.€. ure func- 
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tloDS of X onlj; then differentiating both sides of this 
equation (1) with respect to h only, not assuming x to 
vary (2) with respect to x only, we shall have 

(1) f (ar + A) = ^. + ^,A + ^,j^+...+ ^.— — J-+..., 

Since the differential coeflScient of ^ {z) with respect to h 

is ^ [z) -jz , and with respect to x is ^' (2) -y- , and when 

J dz ^ ^ dz ^ ' 

« = « -f «, ^5- s= 1, and -rr^i. 
^ ax ^ an 

From these two expansions of the same function we get 



M • • • < 



«"" dx - rfa;" • 

Also putting A = in the original expansion, we get 
A^ = if>[x)^ or the expansion, if such a one can be effected 
at all, is 

No information is given by this method as to when this 
series is divergent, and when convergent, and arithme- 
tically true, and so long as no satisfactory interpretation 
is given to divergent series, we cannot assert the equality 
of ^ (a? + h) to the series which professes to be its ex- 
pansion in powers of ^, until we have ascertained that 
the series is convergent, and tends to a finite limit what- 
ever the number of terms taken. Thus if we expand 

by this series, we get of course the expansion 

•C ~— ft 

1 A A' h" 
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In this particular case, we know from ordinary algebra, 
the remainder of the series after n terms, viz. -=-; r— = , 

and see that the series is convergent only when - is nume- 
rically < 1, so that the remainder may be made as small as 
we please by taking a sufEcient number of terms. It is 
then advisable in general to determine limits for the re« 
mainder after n terms of this expansion, and slightly 
altering the notation, we assume 

</» (a + A) = (^ (a) + k4>' (a) + ^ 0" (a) +... 

+ r^ *"-^ (a)+ r ^ (^)> 

and seek to determine the form of B in some way. Now 
denote the following function of x 

4>[a-]rx)-4> [a) - xif) [a] - y- ^" (a) -...-7- ^, 

by i^(a3), then by equation (^), we have FQi)==Q. Also 
jP(0) = <^ (a) - (a) = 0. Hence, F{x) vanishes for the 
two particular values of a;, 0, and A. But if a function 
of X vanish for two particular values of x and do not 
become infinite between those limits, then since it cannot 
be always increasing or always decreasing, it must at some 
point change from increasing to decreasing or the reverse, 
i.e. its differential coefficient must change sign, which not 
being infinite, it cannot do without passing through the 
value 0. Hence F' [x) vanishes for some value of x 
between and h [x^ suppose). But 

F [x) ^^'{a + x)- 4; [a] - xf (a) -. ..- r^ B, 

and therefore vanishes when cc = 0, Hence, the same 
argument applies to F {x)^ and its differential coefficient 
or F" {x) must vanish for some value of x between 
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and x^.] {x^. Boppose)^ which is a fortiori between 
and h. Bat 



ir"(a;)=f (a + a;)-f' (a)-aj^'"(a)-...-^^i2, 



which also vanishes when x^O^ and the same again 
applies, and so on, until we come to the result that 
F^ (j;), or <^* (a + a?) — JS must vanish for some value of x 
between and h. (This does not vanish when a; = 0, so 
far as* we knowf and, therefore, the argument does no 
longer apply). Thus 5 == ^* (a + Ok) where 0- iss seme^ 
positive proper fraction, so that we have 

^(a + A) = </»(a) + A^(a) + ^0"(a)+...+ p</»*(a + d^,. 

being some positive proper fraction, provided that as 
was assumed in the proof, 4> {x), and aU its differential 
coefficients are finite (t.e. not infinitely great, they may 
vanish) and continuous between the limits a and a + h. 
Hence„ if we find the least and greatest values which ^* (a?) 
can have between Ihese limits we shall have certain limits 
between which B must lie. 

Thus suppose 4> {^) = \^(a;)^ o = t, h = xhjj = '^h ^ = 3j 
.and we have 

^ 4X1 



L3 • vioo; • ^r^TN; 

V lOO/ 



1+ ' 



200 80000 16000000 



i^-ir- 



Hence the sum of the first three terms will differ from the 
truth by < ^^qq^qqq > ^^ ^^ ^"^S^^ decimal places 



y( 



— ^ = 1 -f. -005 - -0000125, or V(lOl) = 10-049875, 
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will In general be a very complicated function both of 
a and h^ and it would be a vexy difficult matter to determine 
it ; but the important property of it is that it must always 
Ke between 0' and 1. 

If ^ {x) be a rational algebraical function of the n + 1^** 

degree, = , which appears to be the only ease in 

which it is constant. If <f> {x) be z"j is a function of h 
only, ^iven by the equation 

[2 In 



or 



'=^«i(— 1--^)}. 



a function of h only. 

If <}> {x) be a^ and w = 3, we have* 

(a + i)" = a' + A5a* + |'20a» + |60(a + GA)* 

= a** + ba'h + lOa'A* + lOaW + bah" + h\ 

so that (a + 0hy = a' + \ah + ^A^ 

^ a f fc? la 1\ , . , 

^'^ A "*" \/ VA^ "*" 2 A "^ loJ ' ^^'^'^S *"® + sign smce 

is positive 

"" U A "*■ 10 j • A ■*■ V U* "^ 2A ■*■ loj ' 
The greatest and least possible values of are found 

by patting A =»oo , A = 0, and are . . and j . Thus 

^ 1 .p /a 1\" a' 1 a 1 
^^4 ^U+lj <A- + 2A-^ro' 

... 11 

BO. also < -TTTT^r if T + -TTk > 7? + :^ 7 H • 

V(10) VA VlO/ A^ 2 A 10 ' 
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.- 11 

. (We have assumed ^ to be positive, if it be negative we 

ought to take the other sign in the ambiguity). 
Putting a = in the general formula, we bare 

/{A)=/(0) + A/(0) + A>(0)+... 
or, replacing h by Xj 



OS »,, f^\ _ X 



f{p) =/(0) + xf (0) +p/" (0) +...+^/-(da;), 

6 denoting some positive proper fraction; and all the 
functions f[x)^ f [x)...f^[x) beiug finite between the 
limits and x. Thus, if/ (a?) be logar, we cannot obtain 
an expansion since y* (a;), /'(a;)... all become infinite when 

a: = 0. So also if /(a?) be e~i , e"« . . . . 

\i f[x) or y be 8in"*(a;), we have seen that 

« 
hence, putting a; = in this equation, 

/""(0) = ny"(0), 

from which we can find /" (0), /'" (0)... after finding /(O) 
and /' (0). But/(0) = 0, /' (0) = 1, whence 

/"(0) = 0, /"(0) = 0, /'"(0) = 0, ..., 

and /'" (0) = 1, /' (0) = 3', /"' (0) = 3». 5«, . . . , . 

or sin-'(a!) = a; + ^+3''^ + 3«.5«^-|-... 

1 x' 1.3 ai* 1.3.5 »' 

-^ + 2 3+2:1-5+7X6 7+-^°'=° -(^^^ 
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a series which is necessarily convergent since x is < 1 for 
real values of 8in"^(a5). 

The same diflFerential equation holds for (sin** a;)' for 
all values of n after 1, but in this case 

/{0)=0, /'(0) = 0,/"(0)=2; 

therefore /'" (0) = 2».2, f (0) = 4*. 2'. 2, and so on, 

whUe - /"' (0) = 0, /' (0) = 0, &c,, 

so that (8m-'a;)' = 2. f- + 2.2* ^ + 2.2'.4'' ^ +..., 

L! li 11 

(sin-'a;)» a;' 2 x* 2.4 x* 2.4.6 x* , „, 

It is a singular circumstance, that if in {B) every figure 
whatever (except that in sin"* a?) be diminished by 1, we 
get the series {A). 

For the functions sin(m sin"* a;), coa{m sin"* a;), we get 
the equation 

/-(0) = (««-mV"(0), 

and since f{fi) = and /' (0) = m for the first, and /(O) = 1, 
f (0) = for the second, we shall have 

8in{m sin"* a;) 

L£ Li 

cos(wi sin a?) 

= l-m«^+7^'^(m»-2»)^-wi«(7n«-2«)(7w^-4*)^+..., 

both of which are convergent since x is here also < 1. These 
series are true for all values of w, but since in finding 
/(O), /'(O), we take sin"*(0) to be 0, we must always 
suppose sin"* (a;) to be an acute angle positive or nega- 
tive, according to the general rule already laid down 
as a convenient universal rule. 

For the expansion of e" ^^ ^, we have 

/-(0) = (a'' + «')/"(0), 
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therefore /" (0) = o", /" (0) = a (o" + 1"), 
and 80 on, or 

Lf Lt LE 

+ aa; + a(aVl')^ + a(a' + l*)(a«+3")^+..., 

which reallj includes both the series found in the last 
article, since putting m V(— 1) for a, we get 

^o Bin a: __ ^^ ^^ ^.^-i ^^ _^ ^^_ ^ ^ sin (m siu"* x) , 

and equating real parts, and also unreal parts, we obtain 
both expansions. In this case also sin"^ [x) always denotes 
an angle between - ^ir and ^tt. 
Again, since 

;e" '^'^ ^ = 1 + a sin"^ x^^^ (sin"* x)' + ~ (sin"^ a:)' +... , 

Li. 11 

we maj obtain the series already found for (sin~*aj), 
(sin-^x)' by picking out the coefficients of a, a", and simi- 
larly we shall get for (sin"* a;)' and (sin"* a?)*. 



(8in-' xY _x* (l IN ^ 



+ 2».4'.6''(i + i + ^,)^ + ., (2>), 



C and 2) being connected in nearly the same way as tlie 
series (^), [B) for sin"* a? and (sin"* a?)*. 
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These series may be written 

(sin-^ xy 



.-1 ^\8 1 ^a 



[3 " 2 3 "*" 2.4 ' U" "*■ 37 5 



1.3.5 / j^ J. n »^ 

"*■ 2.4.6 U'"^ 3»"^5V 7 "^•••> 



(sin"^ y)* _ 2 2 ^ ?:^ /i M ^* 
[4 . " 3 • 2' • 4 "^ 3.5 ' U'^ ■*" 47 6 

2.4.6 /I 1 1\ ^ 
"^ 3.5.7 V2^ "^ 4- "^ 6"7 8 "^- " 

The series for sin a?, cos a?, tan"* a; are found in all works on 
Plane Trigonometry, and can of course readily be ob* 
tained by Maclaurin's series ; tan"* x can however be easily 
found by integration, thus 

tJ 1 

■7-(tan"* x) = - — — j = 1 — a* + a?* — a?* +...to oo (when a; < 1) ; 



-» aj* -' 



therefore tan"*aj = (7+a: — — + t " tt +••• » 

o 5 7 

and since when aj = 0, tan**aj = 0, (7=0; or the series is 
completely determined. Of course tan"* (a;) must be an 
angle between — ^tt and ^tt, and since, for the series to be 
convergent, «< 1, tan"*(aj) must lie between - Jtt and ^tt. 
The following functions of x will furnish good examples 
for the student : 

{a?+V(l+gT-^ { ^-^VU + ^')^ 

2 



(1) ^ , 



,_. sin (w tan"* ar) ... ., /l+aj\ 

giving in (3) the remainder after the first n significant 
terms. 

Also tan"* (a: + h) can be expanded in terms of A, since 

( 1~ ) (**^'* ^) ^*'' ^®®^ found. 

The gecjmetrical proof of the equation 

^ (a: + A) = <^ (a;) -f hcf)' [x + ^A), 



K 
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is so simple, and this equation is of itself so useful, that 
we may well insert it. Si:^pose we measure a distance 
X (fig. 11] along a fixed straight line Ox^ from a fixed 
point 0^ and at the end of any distance x erect a per- 
pendicular to Oxj of length s=^(a;), the ends of these 
straight lines or ordinates will trace out a curve of some 
form, PQ suppose; let OM^Xy and, therefore, 

MP=il>{x\, ON^x + h, iV^G = 0(a; + A), PL^MN^h, 

then LQ^NQ^NP=^4>[x-\'h)r-4>{x), 

or -^-^^ j! — '-^ ' = tan QPL, 

Now whatever the form of the curve PQ, provided it is 
continuous and does not move to an infinite distance 
between P and Q^ the tangent at some point between P 
and Q must be parallal to PQ, at E suppose, so that if 
Srbe the tangent at if, lR*Tx=^l QPL^ but if Z be the 
value o{ OV the abscissa of B^ tan£21c = ^'(X) as was 
proved in the first chapter ; and since X lies between x and 
aj + ^, we may denote it by x^-dh^ so that the equation 
tan QPiy = tan jB2Ic, gives us 

i.e. ^ (a; + A) = (a;) + h<l> {x + 6h)^ 

6 being a positive proper fraction, and [x) a continuous 
function of a?, which does not become infinite between the 
values X and x-\-h. 

This equation alone furnishes proof of the theory of 
" Proportional Parts" in taking logarithms &c. from tables 
and indicates the exceptional cases, which are when ^' {x) 
is either very large or very small, so that its changes 
between x and x + h are either themselves very large^ or 
are large compared with the whole difierence wanted. 

The limiting value of 6 in this equation, when h is 
indefinitely diminished, is always J. For 

(aj + A) = (/» (aj) + hip' (a?) + — 0" {x+nh)^ 
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n being a positive proper fraction, 

and ^' (a? + Oh) = 4> {x) + Oh^i" [x + mA), 

m being a positive fraction <&*j therefore 

5 <^" (a; + «A) = eh^ 4>" {x + wiA), 

e = - T^--^ ,; = - when A = 0. 

(This indicates that in any curve PQ if the tangent at B 
be parallel to PQ^ then when PQ moves parallel to itself 
up to Bj B ultimately bisects the arc PQ). 

Another proof of the theorem on the limits of the re- 
mainder after n terms is somewhat shorter than Homersham 
Cox's, which is the one we have given. This is as follows : 
Assume 

+ (4zfp^-.(.,+(ipiA iA), 

\n.— l^^' In ^ 

and let F {z) ^ <l> [X) - ^ {z) - {X - s) ^' [z) 

--|Y-* (0)-... ^-E, 

then F{x) = by reason of equation (-4), and 

F{X)^4>{X)-<t>{X] = 0, 

and since F[z) vanishes for the two values x and JT, its 
differential coefficient must vanish for some intermediate 
value {say x-\-0 (X- a?)}, but 

in-i 



= ^^{*"(^)-^i' 
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all the other terms eancelllng. Hence 

as before, or writing X = a + A, we have 

(« + A) = ^ (o;) + A^' [x) + — 4>" (x) +...+P 0* {x + eh). 

\1 ML 

If 0' (a?) be a function which either increases with x or 
decreases as x increases, since 

(a; + A) = <^(a;) -f Af (a; + ^A), 
we have, putting A = 1, 

^(ic+l)-<^(a?) = f (a;+^), 

which, under the circumstances supposed, always lies be- 
tween 4> {x) and ^'(fic-hl). Thus if ^[x) be sec"* (a;), 
and therefore 

we have 

sec" (a: + 1) - sec"* [x) > 7 — , ,v // « . o \ < — TT""* — r\ ) 
^ ' ^ ' (a; + 1) V {i» + 2aj) av(a5— 1) 

or if we take a? = n, n - 1, n — 2, . . . 1, successively, we have 
8ec-«-sec-'(n-l) > ;^,^ < („ _ i) ^(„. _ g^) » 

> < 

eec-(3)-sec"*(2)>3-i^<^, 
sec"(2)-sec"*(l)> 



2 V(3) ' 

the other limit not applying here (though quite true) ; 
therefore 

sec *(7l) > ,, . + ^— TTTJT- +...+ 



2 V(3) ^ VW »i V(w'- 1) ' 



1 1 



sec-*(n+ 1) - sec-(2) < -^^ + 3~^j +..^ 
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or 2 — 77-a — rr > sec'* (n + 1 ) — Jtt and < sec"* (w). 

So, in general, the sum of the series 

f(l) + f(2)+...+ f(n), 

lies between the limits 

^(w)-<^(0), and 0(w + l)-^(l). 

Thus, if <^' (a;) = sec" 6x^ ^ (a?) = — -^ — , 

and sec*fl + sec*2^+...+ sec**w5 lies between — ^ — and 



^ ^ *^ — , provided that sec'a;^ increase with 



X 



throughout ; and, therefore, xd < ^tt always, therefore 
(n -h 1) ^ < \ir. This method generally gives limits for the 
sum of any series which are of some value, except when 
^' [x] is tending to 00 at one end of the series. Thus, if 
nO in the last be near ^tt, the difference of these limits 
will be large, and they therefore not of much use. » 



Differential Calculus. III. 

1. If y (1-f 03')*"-?= sin (n tan"* x\ prove that 

and thence that 

2. Prove that if f{x + h) can be expanded in a series 
of ascending integral powers of ^, that expansion will be 

f[x) + hf {x) + ^/" (x) +...+ ^r [x) +... ^ 

Expand sin(a; + ^) in this manner, and deduce the expan- 
sions of sin A and cosi. 
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3. 1( f{x) and aU its differential coefficients loe finite 
and continuous, then will 

f{x+k) =f{x) + hf (x) +...+ ^/^ (*) + ^r [o'+Oh), 

where-^ is a positive proper fraction. 

If /(a?) be aj* and n = 3, d — {', and if /(ar) be a* and 

« = 3, ^ > i and < ..,.,, . Prove that the limiting value 

vlt^J J 

of when A Is indefinitely diminished is r . 

4. Deduce the series for the expansion oi f[x) in a 
series of ascending powers of x. Prove that 

^ , /l+aj\ a;' a;* 

5. Give a geometrical proof of the equation 

f{x+h)^f{x)-^hf{x+eh)', 

and if /(a) be a + Ja; + ca^, prove that 5 = J. 

6. Expand * ^^ — ^^ ^^ ^^ — 2_£J_ masenes 

of ascending powers of a?. 
The answer is 

l + «'p+«'K-2'')g+n«(««-2'')(««-4«)^+.... 

7. Expand sin(7ii sin'^a;), and cos(m sin^^ar), in a series 
of ascending powers of x. 

8. Expand cot"' [x + A) in a series of ascending powers 
of i. 

The expansion is 

e-h sin0.sin0+ J^ sin«0 8in20- \ sin'^tf sin3fl + ... , 

11 \1 

where = cot"* (a;), (of course being between — Jtt and ^tt). 
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Hence prove that 

^ . ^ •„ sin20 CO8*0 Bin30 cos'O 
^TT — = sin0 cosO-f 1 h... . 

9. If/' (oj) continually increase as x increases, or con- 
tinually diminish, prove thaty(w + 1) -/(w) liee between 
f.(n)and/'(w + l). 

Hence prove that 

1 

(1) l + i-f-i+...+ ->lQg(n + l) and<l + lQgn, 

i^\ Q/1 sr./i . . an tanwO J tan(«+l) ^ 

(2) sec'fl + sec*2fl +...+ sec"w0 > — g— and < ^—^ 1, 

provided that (w + 1) 6 < Jtt. 

dlfpebential calculus- 
Ini>eterminate Forms. 

!£/(«), ^ [x) he two functions of x which both vanish 

when x = aj the fraction y(a3)-^^(aj) becomes unmeaning, 

fix) 
but as aj approaches a, "Ty-T will generally tend to some 

limit from which it may be made to differ by less than any 
assignable quantity before a; = a. Thus, 1—Xj and l-^a? 
both vanish when x=l ] but 

l-X 1 1 xT_ i? l-'X 1 1 l—x 

5 = T-- — 1 and therefore -- — s - :; = :r • -:: « 

1-aj" 14-a;' .1-a;" 2 21 + 0?^ 

which as a; approaches 1 diminishes, and may be made less 
than any assignable quantity before x=l. Hence the 

limit of the fraction 5 , as x approaches 1, is ^. This 

(1 — x\ 1 

_ o j = - , but the correct 

meaning should be carefully borne in mind. 

Now, in general, if /(a) = 0, we have, putting x = a + Zj 
f{x) ^f[a + z) ^f{a) + zf {a + Oz) = zf {a + fo), 
and so 4> {x) = z<f> {a + 02?) ; 

therefore fix) J-ja^dz) ^ 

tberetore ^ ^^^ " f (a + 0^) ' 
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and therefore limit of 






or, more 



correctly, limit^^ = Hmit^ ^^ • 

This equation is the fundamental one for determining 
the limits of functions which assume an unmeaning form. 
If/'(a) and <f>'{a) do not both vanish, the limit is/'(a) -r 0'(^), 
but if they do, we must continue the process, and we shall 
have 






and so on so long as both numerator and .denominator 
vanish; the limit being attained when one or both are 
finite. Thus, if/(a),/' (a).../""' (a) ; <^ (a), 0' {a)...<fr' (a) 
all =0, and/* (a), ^" (a) be one or both finite, the limit of 

(1) All other unmeaning forms can be reduced to this, 
thus, if f{a) = CO and ^ (a) = go , 

4V-T = -TT-T -^ :r7-T i which is of the form - : 
^{x) <l>[x) fixY 0' 

and, therefore. 



{ 



U0j 



M_^/>L1 -UfM\" ^'i^) 



J«.~iW(^)/ */'('«)L' 



{ 



Hence, if the limit be finite^ we shall have, dividing by 
mX limit \i^\ = limit [^^\ 
so that in this case the same rule applies as for a fraction 
of the form - . 

(2) The form oo x ; if 

/(a) = 0, *(a) = QO, (l>{x).f{x)^f{x)---^-y 
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which is of the form - , and to be evaluated the same way. 

If more convenient, we may reduce to the fornt — , which 
has been shewn to be subject to the same rule. 

(3) The form oo - oo ; if f[a) = oo and ^ (a) = oo , then 

d)(x) ■ 
now if the limit of J^. [ be 1, this is of the form cx> x 0, 

and may, therefore, be treated as in (2), and if the limit 

of J) [ be different from 1, the limit of f{x) - («) is 

± 00 . Thus 

/^ tan j;\ ,^ . . 1 - sina; 

seca;- tana;= seca? 1 =secaj (1— sma;) = , 

\ sec a;/ ^ ' cosa; ' 

and wheo x = W. the limit of this is ( — r— ) or 0. 

\- wxixJx=^ 

So also -5 -cot*aj = -5 (1 =-), which since we 

X X \ tan a;/ ' 

know that (; ) is 1, takes the form ooxO^ and we 

Uana;/^ ' 

may write this 

_ sin"a; — a? cos'a; _ sin a? - a; cosa; sina? +a: cosa; f x ^ 

"" a?" tan' a; ~ a;" ' a; * vtana?/ ' 

the product of three fractions which all take the form - 

when a; = 0, but of which we know the limit of two; «.e. 

f X \ „ , /sinaj-f-a;cosa;\ /sina; \ 

fej =M»d( ) =(_ + cosa,j =2. 

The remaining one 

/sina; — x co&a;\ _ /cosa; — cosa; + x sina;\ _ 1 

Hence ( "a ^ cot*a; ) = - . 

The three indeterminate forms 1*, oo°, 0° can be reduced 
to forms already discussed, by taking the logarithm ia 

L 
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each case; for if y = M', logy = t? log u, or = —S—^ which 

becomes either - or — . » ^ 

00 

The two latter cases are not essentially distinct, one 
being the reciprocal of the other; and the limit is in nearly 
all cases 1. For taking v =/(a;), w = ^ (a;), 

logy=/Hlog^(x) = l2£l^, 

and its limit is therefore = the limit of . , . -^ , •., ',, or 

logy limit of %P. . {pr .fix). Now if /(a) = and 

/ ^a;; 9 \x) 

<f> [a) = 0, the limit of ^X-\ = 1'*™^* of* ^/. { , and therefore 
the limit of ^, ] { . , \ I is 1 in all cases in which the limit 

of 4-7-T 18 finite ; and therefore in all such cases the limit 
of logy is 0, or that of y is 1. In fact, it appears that the 

limit of y is 1 in all cases in which the limit of ^, , { . ~y I 

f [x) 4>[x) 

is finite; now since both /(a:) and ^ [x) vanish when x = a^ 
they can both, generally, be expanded in positive powers 
of a? — a, and in such case if tw, n be the lowest powers of 
flj— a in /(a;), ^ [x] respectively, we shall have 

where 5, 6' vanish when x= a] therefore 

/' [x) =^mA[x^ ay-' (1 + /x), </>' [x] ^nB[x^ of'' (1 + /x'), 

where fi and fi vanish when a? = a ; therefore 

fix) ,^' (a:) _ « (1 + g) (1 + / ) 
^{x)'f'{x) »n(l + ^')(l+/*)' 

and the limit when a: = a is — , so that the limit of y is 1. 
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Hence, the onlj case in which fulictions which take the 
form 0** or cx>** can have any other limit than 1, Is where 
one or both of the functions vanish when x^a^ but do 
not admit of any expansion in positive powers of x — a. 
Such forms are 



{x - ay log (a? - a), e , s^*"* , &c. 

The forms 0**,^ oo**, may then usually be interpreted 1, 
although one may with some trouble invent cases in which 
their limits differ from I. Thus, if 

_- _^/sina;\* 

w = s **, and t;=l-cos2a?, w*' = e ^ * , 

and the limit of this when a; = is s"*. 

In the case 1*, if when aj = a, /(a?) = l, ^(a;) = QO, 

and y = {/(a;)}^ *^, logy = v I ^ and its limit is that of 

_ 7W. 

Now {x — a)/{x) takes the form x oo when a; = a, 
and its limit = limit of ^ = limit of - -^rrK ; there- 

. . -^^^^ 
fore, if m be this limit, that of logy is m^' (a), or that 

of y is e"*^'^"^ Such forms can also generally be made 

to depend on the limit of {\-\-z)*^ when 5f = 0, which has 
been investigated in the first chapter, and whose limit is 
e"*. For example, 

mm m m Axflx 

(cosa?)*' = {ojo^^xy = (1 - sin^'a:)^' = {(1 - sin^a?)*^**}^'", 
and the limit when a? = is therefore s"«. Similarly the 

limits of r^—Y^ and f — ;- j* may be found, for 

sina: , a;* aj* , ^\i , \ 



76 DIFFEBENTIAL AND INTEGRAL CALCULUS. 

where u vaiuBhes with Xj and 
where u* vanishes with x ; therefore 



(^?-{'-T('-«)h 



9 



and the limit is accordingly e'e", that of f J* being e». 

The two following limits, each of which may be made 
to depend on the other, are important : a?" (loga;)*, -^ ; 

X 

the first when a; = 0, the sec<Hid when a; =s oo , niyn being 
both positive. Now 

aj~(log2j)* = (aj?logajr; 
and limit 

1 



{x^ loga^)^ = (^^ = 



X'n «T* 



X 



X n 

X 






until the index in the denominator becomes either or 
negative, when the limit appears and is oo . 

These proofs are, however, unsound, as since the result 
in neither case is finite, the proof of the rule for finding 

fails. They are best proved by ordinary algebra, thus 



00 
00 

mx /is-*\* /^f*\* 






Now — = - +P + I7: <>'+••• 7 

and, therefore,, when x is indefinitely increased, the sum 

•j is 00 ;. 



of this series is indefinitely increased, or f — 



«m9S 
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and J therefore, also f — ) is oo , or — s- = qo when x. Now 

\ X / X 

1 e*** 

if we put e* = - , then when aj = oo , 2 = 0, and —^ becomes 

z X 

^-j -^ (-!<««)"» or (_ x)n ^m ^^^g^^n , and since the Umit 

of this when a? = oo , and, therefore, when z = is oo , 
therefore that of «"* (log^)" is 0, or the limit of a?"* i^o^xf 
when a? = is 0. 

- In conclusion, it may be mentioned that any one who is 
familiar with the ordinary expansions in series of Algebra 
and Trigonometry, will find it in most cases easier to 
determine all such limits without the aid of the Differential 

Calculus at all. They should be reduced to the form - , 

which can always be done, as has been seen, and if thia 

' happen when jc = a, put a + « for a;, and expand numerator 

and denominator in powers of z. The only failing case 

is of such functions as log a?, e"«, e"^... when a; = 0, but 

these are quite as troublesome^ if a strict proof is required^ 

when the Calculus is used. 

The following is an example given in Todhunter^ 

(fl + sin^-4 sini5)* , . , ,, . ,^ ,.^ 

y 7i — TTJXa ; which would require 12 dif- 

(3 + cos e - 4 Q,o%\dY (e^> ' ^ 

ferentiations if solved by the rule ; now 
^ + &in^-4sinifl 

= ^ + 0--g+...-4i(-- — +...) = -— + higher powersy 

3 + cos^-4 cosi^ 

= — 4- higher power*, 
32 

, ^, • A r : • (32)' 2" 2' 128 

hence the required limit is hj^ = -^r^a ^ ^ °^ TT' 
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I should guess no one had ever the patience to work this 
out according to rule. 

I£ x^y are connected by an equation, so that each is 
what is called an implicit function of the other, and 

F{x^ y) = be the equation, the equation for finding -^ 
would, according to the general rule for differentiating 
complex fonctions, be ( 3— ) + f-r" ) ;/ "^^j ^^® brackets 
denoting partial differentiation. If this should reduce 
-^ to the form - , for a pair of values x=ia^ y = ^j which 

satisfy the equation F{x^ y) = 0, it is best to put x^a'\-h^ 

y = J -f i in the equation, and find the value of the limit of 

h . ... 

rr directly from the equation. Since k is Ay, and h is Ao;^ 

this linut will be the value of -j- . The appearance of the 

form - indicates a multiplicity of values ; and if the curve 
F[x^ y) = be drawn, the point will be what is called 

singular^ there being two or more values of -j- at the point,^ 

i,e. two or more tangents to the curve. 

Thus, taking an example from Todhunter, if the equa- 
tion be 

g=~2x(a:-l)(a:-|) +(y«-a;«)(2;»-f)-8 {x-\)[y^^x^-2x), 

both of which vanish when a; = l, y=l. Put a? =1+0;', 
y = 1 + y', and we have 

{2,- - x" + 2 (y - x')} a;' (a;' - i) - 2 Ijf'^ + a," + iy'f = 0, 

or — X (y — x) — sy* + terms of higher dimensions which 
vanish compared with those retained when a;' = 0, y =0. 



« = — 
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Hence the equation for f ^, j is 8a' + 2 - 1 = 0, therefore 

1±V(33) 

16 • 

dy 
This method should always be taken. The values of -^ 

may be impossible ; thus if the equation be a*y^=x^ (a;'-a*), 
the equation is satisfied by a: = 0, y = 0, but we have 

^ = — ^- 1, and therefore the limit of [-) is ±\/(— i)« 

Such a point when the curve is traced should be conceived 
as an infinitely small loop or, in this case, circle, the limit 
of a finite one ; for if the equation bad been 

ay = a: (a? — J) {a? — a*), & < a, 

there would be a loop of length &, closing up to a point 
when J=0. 



Maxima and Minima. 

l{f{x) be any function of the independent variable aj, 
and we conceive x to increase uniformly from -co to + co , 
it will usually happen that /(a:) is not always increasing 
and not always decreasing, but that it sometimes does one 
and sometimes the other. If a, J, c be successive values of 
a?, and if as x in(ireases from — oo to a, f{x) is always 
increasing, but from a to J, /{x) is always decreasing, 
then f[a) is said to be a maximum value of f{x). If 
from aj = & to a: = c, f{x) is again always increasing, 
f{b) is said to be a minimum value of f{x) and so 
on. That is, a maximum value is greater and a mini- 
mum less than all adjacent values of /(a?), although a maxi- 
mum value need not be the greatest of all, nor a minimum, 
the least of all values oi f[x). (Of course, however, this 
may well be the case, and often is). Now if y(a;) be 
increasing as x increases, /' (a?) is positive ; if f{x) be 
decreasing as x increases, /' {x) is negative. Hence the 
necessary and sufficient conditions for a maximum value of 
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f[x) when x^a^ are that f (x) shall change sign from 
positive to negative as x increases through the value a; 
and for a minimum that /' {x) shall change sign from 
negative to positive as x increases through the value a. 
In general, the simplest method of finding such values 
is to observe this change of sign directly, but in some 
cases, and in especial, when f[x) is what is called an 
implicit function of a;, this change cannot easily be noted, 
and a different test to be explained afterwards must be 
applied. For all the functions which we have commonly 
to deal with, /' [x) can only change sign by passing 
through the values or oo , otherwise it would be a dis- 
continuous function, changing its value abruptly as x in- 
creases gradually. As simple examples of the test, consider 
the functions (1) a;' - 3a; + 2, (2) {x - a)h 

(l)/(a;)=a;*-3aj + 2, /'(a;) = 3(a; + l)(aj-l), when x 
has any value between — od and — 1, a; + l, a;— 1 are both 
negative and/' (a?) positive, orf{x) increases with or; but 
when X passes the value —1, and before it becomes so 
great as 1, a; -f 1 is positive and a? — 1 negative; therefore 
/' {x) is negative and f{x) is decreasing. When x has 
passed the value 1,/' (a?) is again positive, and /(a?) again 
Increases with x. Hence /(— 1) or 4 is a maximum and 
/(I) or a minimum value of/ (a;). ^ 

(2) f{x) = (a; - a)l,/' (a?) = I . (aj - af*, when x<a,f (x) 
is negative ; and when x>aj f'{x) is positive ; hence, /(a?) 
decreases as x increases from — go to a, and then increases, 
and /(a) or is a minimum value of /(a;). 

To illustrate these results geometrically, draw the curves 
represented by the equations y = a;' — 3a: + 2, y = (a? - a)^ 
respectively, i.e. to every distance x measured from along 
the fixed straight line Oa?, draw at right angles from, its 
extremity a length y = a?'' - 3a; -}- 2 in (1), or to (a; -a)? in 
(2). In(l) 0^ = 1, 05=-l, Oi) = 2, 5^ = 4, 5(7 = - 1, 
and the curve is somewhat as in fig. 12, so that y has the 
maximum value 5^ = 4, and its minimum value Oat. -4, 
although on the branch beyond -4 there are an infinite number 
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of points for which the y is > 4, and similarly on the branch 
beyond C an infinite number where y <0, i.e. is negative. 
So in general if the curve y =/(aj) be drawn, if y be a 
maximum or minimum where/' (a;) vanishes, the tangent 
at such points is parallel to the axis of x. 

In (2) since y' = (a; — a)', we see that if y be negative, 
X is impossible ; if y be positive x — a has two equal and 

opposite values, while at -4, [OA = a) -j- is QO,t.e.the 

tangent to the curve at A is perpendicular to OA. Hence 
the curve is as (fig. 13), the point A being what is 
called a casp^ and such a point always exists in the curve 
y=f[x\ if f{x) has a maximum or minimum value when 
/(aj) = co. 

As another example, take/(x) or y = (a;-|- l)*(aj- 1)*; 
therefore 

f{x)=:{x+iy{x^iy{4.{x^i)-\-e{x+i)} 

==2 {x + iy {5x+ I) {x-i)\ 

Here/' {x) vanishes when a? = — 1, — ^, and 1 ; also f (x) 

is negative from - oo to - 1, positive from —1 to — ^, 

negative from — ^ to 1, and afterwards always positive. 

Hence/(— 1) or is a minimum value of /(a?), /(- ^), or 

8* X 12* 

— 10 , or 1*223... is a maximum value, and /(I) or 

is again a minimum value. In this case we see M once 
that y is always positive for real values of a;, and, therefore, 
that must be a minimum value. The form of the curve 
(fig. 14) y =f{x) in this case is somewhat as in the figure, 
where 0-4 = 1, (9jB=-1, 0(7=-^, GZ) = 1-223..-. 

In general those values of x which make / (a?) = or 
GO should be selected, and it should be observed whether 
the factor of/ (a?) corresponding to each value has its index, 
odd or even (if that index be integral) ; if the index be odd 
/' {x) must change sign as x passes through the corre- 
sponding value, and there will be either a maximum or 
minimum. But if the index be even (or of the form 

M 
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^ ^ - , i.e, — ..--. ^—) that factor itself can never 

22+1 odd integer ' ^ 

change sign, and, therefore, f* {x) will not change sign 

as X passes through that particalar value, or there will be . 

neither maximum nor minimum corresponding to that 

factor. Such values being struck out of the list, arrange 

the remainder in order of increasing magnitude a, 6, c... ; 

observe the sign of/' {x) when x<a^ and, therefore, x — a 

negative. If this sign be positive,/* (a;) will change from 

positive to negative as x increases through a, and /(a) will 

be a maximum, f{b) a minimum, /(c) a maximum, and 

so on, until all the reserved factors have been taken 

account of. Thus, suppose 

J,,, . (a: + 3)*(a;4-2)«(a; + l)^aj(a;-l)*{aj-2)^(a;-3) 

/ W = : -T ) 

{x + 4)* 

so that /(a?) vanishes when a; = -3, —2, —1, 0, 1, 2, 3, 
and is oo when a; = — 4. Here the index of the factor 
07 -f 3 is 4, of a:; + 1 is |, and of a; — 2 is 2, and none of 
these factors can change sign. The remaining critical 
values of x are - 4, —2, 0, 1, 3, and when x is between 
- 00 and — 4,/' (a?) has 5 negative factors and is therefore 
negative. Hence a? = —4 gives /(a?) a minimum, a? = — 2 
gives f{x) a maximum, /(O) is a minimum, /(I) a maxi- 
mum, and/ (3) a minimum. 

The above method gives the most satisfactory general 
rule for determining and distinguishing maximum and 
minimum values. In a very large proportion of geome- 
trical applications, the nature of the question tells us at 
once whether the result is a maximum or a minimum, 
especially when there is only one solution of either sort. 
For instance, if I^Q is a straight line drawn through a 
given point A and terminated by two given straight lines 
OXy Oy, and the maximum or minimum length of PQ 
is required, it is manifest that when the straight line is 
drawn parallel to either Ox or Ot/ the length of the line 
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is infinite, hence there must be a minimnm length in some 
intermediate position. 

Another criterion for distingaishing maximum and mini- 
mum values is found as follows : f[x) being a function of 
the independent variable x^ f[a) is said to be a maximum 
value of /(a?), if it is greater than all adjacent values of 
f[x) ; i.e, if we put a-\-h or a — A for a, then the results 
are both less than /(a) when h is taken sufficiently small. 

Hence, for a maximum 

f{a + h) -f{a), and /(a - A) -/(a), 

are both negative; and similarly for a minimum are both 
positive. But if f{x) and its dififerential coefficients be 
Jinite for values of x between a and a + A, 

f{a + h)=f{a) + hf{a) + ^f'{a + eh)', 
or /{a + h) -f{a) = hf (a) + ^/' (« + Oh) ; 

/{a - h) -f(a) ^ - hf (a) + ^/" (a - Oh). 

Now, ify^(o) be finite, since we can by diminishing h make 
the second term of each of these numerically less than the 
first, these two expressions must have opposite signs when 
h is taken sufficiently small. Hen6e, there can be neither 
maximum nor minimum unless /' (a) = 0. If this be so, 
f{a + h)—f{a)j and /(a — A) —/(a) will, when h is suffi- 
ciently small, have the same sign as /" (a). But for a 
maximum both must be negative ; therefore for a maximum 
value /(a), we must have /' (a) = 0, and /" (a) negative. 
So, for a minimum, /' (a) = 0, /" (a) = a positive quantity. 
If/" (a) = 0, and in general if all the differential coefficients 
up to the (w- 1)'** vanish, while/** (a) is finite, we have 

/(a + A) -/(«)= ^r (a + ^^), 
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and when h is sofficiently small, these will be of opposite 
signs if n be odd, and there will be neither maximum nor 
minimum ; but of the same sign if n be even, and that 
sign the same as the sign of /"'(a), whieh must therefore 
be negative for a maximum and positive for a minimum. 

Hence, for a maximum or minimum value /(a) of /(a;), 
an odd number of the derived functions /' (a), f" (a), 
f" {a)j ... must vanish, and if so, the sign of the first, 
which remains finite, will determine whether y* (a) is a 
maximum or minimum, viz. if it be negative, /(a) is a 
maximum, if positive, /(a) is a minimum. 

As a simple example of the use of this method, suppose 
y is a function of x given by the equation a' + y' — Saxy = 0, 

hence (y* - oar) ^ + ai* — ay = 0^ and -^ or /' [x) = when 

a? = ay J and therefore 

y' = 3aay — a;" = Scurtf — axy = 2aa:y, 

therefore y = or y' = 2aaj. If we take y = Oy we have 

oj = 0, and therefore -^ becomes - (one of the true values is 

and gives a minimum), but taking y = 2aar, therefore 
y* = 4aV = 4a'y, or y" = 4a', and therefore a?' = 2a'. To 

find the corresponding value of /" (a?) or -r^ , difierentiate 
the equation again, rejecting the terms involving — sia a 

factor since it is (X, and we have {t/' — ax) ;7-T+2a3 = 0, 

, rfV d^v 2 

or smce y = 2ax. ax ^^ + 2a?= 0, or -74 = — ; therefore 

the value 4^a is a max^imum value of y. (To find whether 
the value y = is a maximum or minimum, it is better to 
consider the equation directly ;■ when y is small the term y' 
may be neglected compared with the others, and we have 
approximately x^ — Zaocy = 0, or a^ - ^ay = as an approxi- 
mation form of the relation between x and y. Here we 
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should have -^^ = 0, -^ = -- • and therefore w = is a 

ax ' aa? 3a' n 

minimum value of y. For cases in which -j- takes the 
form - , this method should always be used, putting a-^-x 
for a?, and J + y for y, if a, J, be the values of a?, y, 
for which -j- — -^* The corresponding curve is repre- 
sented in fig. (15). 

In finding the maximum or minimum values of any 
quantity, care should be taken so to choose the variable in 
terms of which the quantity is expressed (that is, of which 
it is 9kfanction\ that it may be capable of all values. For 
instance, if u = F[z\ and z be itself limited in value in 
any way, being a function of a?, an independent variable 

du 

capable of all values, then u=^F{z\ and -^ =^F' (2), but 

^ = J^' (;5) ^ , and although ~ = when F' [z) = 0, this 
may not furnish the true maximum or minimum values, 
which may occur when -^ = 0, for which -^ = ; for in- 
stance, suppose P (fig. 16) is any point on a fixed circle 
whose centre is 0, any other fixed point, and we seek 
the maximum and minimum values of OP. Take GN= Xj 
GP^a^ CO = c, then 

OP^=-ON^'¥NP^=={c''xY + a!'-a? 
= c' + a* — 2caj = w, 
then -T- = — 2c which can never change sign. But in this 

case X is not capable of all values being limited to values 
between — a and + a. If we make our independent vari- 
able the angle OCP{^ 6)j which may have any magnitude 

whatever, we have u = a' + c^ — 2ca cos ^, and -5^ = 2ca sin 0^ 

which changes from — to + as increases through 0, and 
from + to — as ^ increases through tt, hence ^ = gives 






86 DIFFERENTIAL AND INTEGRAL CALCULUS. 

u a minimnm, and = ir gives u a maximnniy as Is obvious 
geometrically. In case of any failure by such a choice 
of independent variable, It Is sufficient to look for the 
maximum and minimum values which the variable selected 

can have, for if u = F{z) and « = ^ (a?), ;t- = -f" («) <f> (a?)) 
and -p will generally change sign when (f> {x) does, that 

is when (f> [x) or 2? Is a maximum or minimum, the only 
exception being when F' {z) changes sign at the same time 
as <f> {x). 

Differential Calculus (4). 

1. If, when x=^aj f{x) and ^ {x) each =0, prove that 
the limit of the fraction y (a;) -r^(aj), when x approaches 
the value a. Is equal to the limit of /' [x) ^ ^' [x). Also 
prove that the same rule holds if f[a) = oo and <^ (a) = oc . 

SB ^ 

Prove that the limits of -log( ), and of its first 

X \ X J 

derived function when a; = are i, ^ respectively. 

2. Shew how to reduce fractions which assume the 
form 00 X or 00 — oo , for a certain value of the indepen- 
dent variable, under the rule in (1). Prove that the limit, 

when ar = 0, of a?** (log a:)" is 0, and that of -5 — — ,- is f . 

X xan X 

1 sma!/ 

Find the limit of .^ r — =-- when x^^ir. 

(jTT — 2?) cosa; cos a? ^ 

3. Prove that the evaluation of the limits of functions 
which take the unmeaning forms of 1*, 00°, 0° can be 

made to depend oji functions which take the form - , and 

prove that the limit of w', where u and v each tend to 0, 

Is always 1, provided the limit of u -j- -r-v -r- is finite. 

Fiadthe limits of {Bm0)^"\ {ts^nd)'^'^, when 0^{7r, 
and of ( 1 - cos 0f^'^ when ^ = 0. 
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4. If/(a) = l and 0(a) =00 , and the limit of (a;— a) 0(aj), 
when 03 = a, be tw, then will the limit of {/(a?)}^^*^ be 6*"^'^"^ 

5. Define a maximum or minimum value of f{x) a 
function of the independent variable a:, and prove that 
f[a) will be a maximum value of /(a?), \i f {x) change 
sign from positive to negative as x increases through the 
value a ; and a minimum if f* {x) change from negative 
to positive. 

Find the maximum and minimum values of 

(10a; - 6) -r (a; + l)(a; + 3), 

proving that the maximum value is 1, and the minimum 
25; and explain how it happens that the minimum is 
greater than the maximum. 

6. Find all the maximum and minimum values of 

tan^ X 

- — — , X lying between and tt, and explain how it is 

tan ox 

possible to have, as appears in this case, two successive 

, / Stt 57r\ 

values (a; = — , aj = — j. 

fdy 6 tan' a; cos 4a; , , . , i i 

{^ = — /g>p3 A8 — , and changes sign not only when 

sina* and cos4a; = 0, but also when cosa; = 0}. 

7. Prove that the expression a;* has a maximum value 
when aj = e. 

8. A parabola is drawn having double contact with 
a given circle ; prove that when the area included between 
this parabola and the tangent to the circle perpendicular 
to the axis of the parabola [DPAP'U in fig. 17) is a 
minimum, the latus rectum of the parabola is equal to 
the radius of the circle. 

(If 4wi bjB the latus rectum, a the radius of the circle, 

a»= 6T»= (7Jr + JlfP- = 4wi'+4m.^ifcf; 



mmimum 
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therefore 

4m 4m ' 

therefore 

J?2>» = 4m.J[5=(a4 2m)*, or 5i) = a + 4m, 
hence, area of parabola cut off by DJff 

^iAB.BDJ^±^ 
to be made a minimum by variation of m), 

9. Find the minimum chord which can be drawn in 
a given ellipse normal to the ellipse. 

[If 2a, 2b be the axes of the ellipse, a cosd, b sinO the 
point at which the chord is normal, and 2u its length, then 

^ g'yCa'sin^g-fycos'gr 
^ "" (a*8in»04J'cos*^)" ' 
and 

ldu_f , ^.^ ' fi ^f 3 2(a' + y) ) 

w55^^''""^^^'''^''^^'^trf'sin»e + i*cos'(?^<i*sin*e+J*cos-^| 

(g'- y) sing cosg {a*(a'-2y) sin^g-^ (2a"- ¥) cos'g} 
. (a'' sin«g + S" cos"g) (a* sin«g + 6* co^^T ' 

and, therefore, -3^ changes sign when g = 0, g = a, g = i7r, 
g = 7r — a, where tana = - a /(-i — ^) > *^^ since when 

g is a small negative quantity ^ is positive, 6 = gives a 

maximum, g = a a minimum, g = Jtt a maximum, g = tt — a 
a minimum, = 'rr a maximum (same as g = 0), and so on. 
This assumes that a'>2&', otherwise tana is impossible; 

du 

and if a'<2J*, -^ changes sign only when g=0 and = Jtt, 

or the major axis is the only maximum and the minor axis 
the only minimum normal chord. See fig. (18), where PQ 
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is the minimam, corresponding to d = a. A A' is a maxi- 
mum, and BB' also a maximum, being greater than all 
adjacent ones. When a' = 2b\ P^ B^ P' coincide, and BB' 
becomes the minimum]. 

Change op the Variable in a Differential 

Equation. 

Differential equations may often be much simplified, 
and even reduced to a form in which we know the solu- 
tion, by a change either of the independent or dependent 
variable. It is hardly worth while giving the formuIsB for 
such changes, as they should always be effected, not by 
substituting the particular case in the formulsB, but by 
following the method indicated. 

If an equation involve a?, y, ^ , ^, ,.. and we wish 

to change the independent variable to z^ z being a given 
function of a?, (or x of «), we have first 

^1/ _dy dz ^dy ^ dx 
dx dz dx dz ' dz^ 
either of these may be used accarding as z is given in 
termsofa:,ora:of^. 

Whence differentiating both sides, toith respect to Xy 
we have 

d*y dy d^z dz d'y dz _^ dy d*z (dzV d^y ^ 
cfec* "" dz dx* dx dz* dx dz dx* \dx) dz* ' 
dx d*y dy d*x dx d*y dy d*x 

~ dz dz* dz dz* dz _ dz dz* dz dz* 
^^ "^ /dx\* ^ " (dxV ' 

\dz) [jzj 

d^_ dy^d^ ^d*y dz d^ /dz\' ^ 
^ d^~ d^ dx'^ dz* dxda?'^\^) dz'' 

dx d'y dy d'x d*x fdx d*y dy d^x\ . 
_ dz ^ "" dz ^ _ dz* \dz ~dz* " 'dz dz*) 

\dz} \dz) 

from which the method is sufficiently apparent. 

N 
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Ex. {a^-a?) ^\ —X -j- +m*y = 0, where x-a cos^, 

dy __dy dx ^ — 1 dy ^ 
dz'^dd^dO" a sm0 dJS ' 

, . rfV d ( \ dy\ dd 

therefore ^i = " ^^ (^— j^^ ^ejd^' 

d*y _ 1 J*y costf rfy 

^^ ^ ""^ a'sin'd d^ " ?li^ rf^' 

therefore la* - oj'') :j4 = a' sin^'tf :r^ - 3^ - ^^^zi ^1 

therefore („•- o;^ g -«| = g. 

and the transformed equation is j^ + m'^ = 0. • 

We will now use the other method, putting ^=cos"' (— ) ; 

therefore ^ = ^^-_--_L ^. 

tneretore ^ rf^ da; " V(a* -jT) dd' 

therefore Via" " =»') ^ = " | ; 

therefore 

Via arj^. ^{a*-al^dx~ dd* dx~ ^/{d'-x'') dS" 

80 that in this case the second method gives the result more 
readily, hut there is not usually much to choose between 
them. 

As an example of changing both dependent and inde- 
pendent variables, take the equation 

^^ "*■'"*) i^ "^ ^ ("""^ ^^^ J ■^'^ ("""^ ^^2^ = ^' 



\ 
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and let (1) x = tan0, (2) i/ = z oos"^, then 

^^^d0 dj _J_ -_,,. «^^_^. 
dx dd dx de'\+x*' °^ ^^"^' dx~ dd' 

therefore (! + -') g + So^l^ g ^, 

also ^^ (^ "^ ^) ^ = ^^ ^ **"^^y 

therefore 

and the equation after the first change is 

-^ cos"^ + 27> rin^ cos5 ^1 + n (n + 1) y = 0. 

Next, -K = cos"'^ -Tn-nz cos""* sin ^, for y — z cos" ^, 
^ dd ad 1 ^ 1 

J = cos"^^-2ncos*5sme^ 

+ nz {[n - 1) cos"-'^ sin'^ - cos" 6} ; 

therefore cos* fl ^ + 2n sin 5 cos 5 ^ 

^cos^«0g.„2n cos"'*5 8in^^ + w;3 co&"«(w sin'5-1) 

+ 2n cos"^*^ sin^ 5^- 2n»« coa"^ sin*^ ; 

da ' 

also n{n+l)y = n{n-rl)z co&'^ff'j 

therefore, adding, 

= cos"^'^ J, + n'z cos"^ (1 - sm'0) = cos"^'^^ | J + n'zl , 
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and the final equation is 

whence z^AcosnO-^B ainnO, so that the complete solution 
of the original equation is 

y = (1 + a")"*" {-4 C08(n tan'^a?) •{• Bsm{n tan"* a;)}. 

Differential equations involving x~^ »' v4**' ) ar© much 
simplified by taking x = e", for 

dy ^dy dx ^\ dy . ^V __^y . 
dx" dz ' dz X dz* ' ' dx dz^ 

therefore a; t« + tt^ = -jK - I 

dx dx dz x^ 

therefore c.«g = g - | = ^(|-i)y; 

therefore -"g + ^^g^ 1 ^(|- l) J, 

dx ax x cLz \az J dz ' 



or X 



'g-'--3-(l-)(s)"^. 



X* 



d'y (d \ <? ^(d A d 



and so on, the general formula being 

'■3=l(l->)(£-Hs-«^')^- 

Geometrical Applications. 

If a?, y be any point P on a curve, x + Aa?, y + Ay a 
contiguous point Q^ (JT, Y) coordinates of any point B on 
the straight line TQ^ then, as in fig. 19, 
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i.e, the equation of the chord PQ is 

and the equation of the tangent at P is the limit of this 
when Q moves up to P, or is 

and the equation of the normal at P is therefore 

{r-2,)|+z-.=o. 

Let '^ be the angle which the tangent at P makes 
with the axis of a?, then tan^ = -T^; also cos-^s limit of 

^ = limit of p^ , but the limit of ^^^ pQ is 1, or if 

the arc of the curve measured from any fixed point up 
to P be 8j and arc PQ = A*, 

, ,. . Aar arc PQ dx 

and similarly sin '^ = -^ . 

If the curve be referred to polar coordinates, SP=r^ 
A8P= 0j Q (fig. 20) a neighbouring point whose coordi- 
nates are )SC = y + Ar, ASQ= + A^, then 

QL r + Ar — r cos A^ arc QP 



cos 8 QP=- 



QP As ' chord QP' 



Now (1 — cosA^)=2 sin'-— -, ' 

9 • ^^ 

, l-cosA^ "^^'^ 2 . A0 

and = ^ . sm -— , 

As As 2 ' 

or vanishes in the limit ; therefore, if ff> be the angle 8PT 
which the tangent at P makes with the radius vector, 

- dr 
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and similarlj sin^ = limit of sin 8QP= limit of jr^ 

.,. . - sinAtf arc QP dd 

= limitofr ---.-^-5^=.-^, 

and tano = r^-. 

^ dr 

(Of course since x = r cos^, y = r sin 5, these results could 
be deduced from the former in x and y, and it will be a 
useful exercise so to obtain them). 
Hence we have the equations 

, (dx\^ . (dy\^ [dr\* ( de\^ 

or if t be any other variable in terms of which we can 
express x^ y^ r, 0, 

\dt) " \dt) "^ \dt) " U; V dt) ' 

It is often most convenient to express x and y the 

coordinates of any point of a curve in terms of -^j the 

angle which the tangent makes with the axis of x (or any 

other fixed straight line). Thus, if the curve be the 

parabola 

dy 2a 
y^iax, ^ = -=tanVr, 

or y = 2a cot*^, jc = a cot*-^. 

In this case it is better to put ^tt — -^ for ^ft^ so that -^ 
will be the angle which the tangent makes with the axis 
of y, and we shall now have Xj y, -^ start together ; and 

a; = atan''^, y = 2atan'^; 

n ^ « X I 2 • 2a sin-^ 

therefore -r, == 2a tan ^r sec'' i|r = g- ^ , 

aY cos Y 

dy 2a , „ ds 2a 

-Ti = — rr 5 therefore ^— = — g-r , 
a^ cos-^' ay cosy*' 
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$ and yjr increasing together -ry- is positive] , from which 
the arc to any point may be found, 

s = 2a I y, =2a | dieui'dr 

J cos* l|r J cosy 

Vcos'^l/r J ^ COS,n|r ^/ 



^ fsini/r n-cos'^,,) 



therefore 

2, = 2af(^ + fit.).= 2a(^ +log tan(^ + |)| 
(\cos^ J COS yjr J \cos^ ° \4 2/j 

+ ((7= 0) (5 = when ^f- = 0), 

or 5 the arc measured, from the vertex ta any point is 

« J !l£jjL. 4. log tan (^ + ^U * 
(cos*-^ ^ V4 2/J 

Thus the arc from the vertex to the end of the latus rectum 

= a{V(2)+16g(V2 + l)}. 
Again take the catenary 

y = -(ec4e.), ^ = -(£c-s c) = tan^, 
therefore sc = tan -^ + sec^ ; also e"c = sec-^ — tan^, 

rfv c sini/r dy ds . , ds 
c?^ cos'*'^ cfe C?^ ^ rfl^ ' 

therefore 



rf^ COS*-!^ ' 

and 5 = c tan-^ measured from the lowest point of the curve. 
Next take the four cusped hypocycloid x^ +^S = a^ j any 
point on this curve may be represented by 

a; = a cos'flj y = asin'0; 
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therefore 

di^Te'^dB^ -3aco8*e sinfl tan (/-tailor; 

therefore 9 = 9r- -^j or if the tangent at P (fig. 21) meet 
the axis ofirini, = 7r — Z PLx — L FLO. Hence 

OL^ ON^-NL^a cos'tf + a sin'fl cotfl 

= a cosO (cos"^ + sin'd) = a cosfl, 

or LM— a, the most important property of the curve, that 
the part of the tangent intercepted between thoraxes is of 
constant length. Again a; = — a cos'*^ ; therefore 

dx ^ . , ^ , dx da , ds 

^ = 3a 8111^ COB ^^ = ^^ = 008^^^, 

or ~^j. =3a sin^cosi/^; therefore « = 3a — -^, 

measuring from the point where ^ = 0; i.e. a; = a, y = 0. 
This curve is generated by any point on a circle of radius 

- which rolls within a circle of radius a, giving an equal 

branch in each quadrant, the length of which is — ; or the 
length of the whole curve is 6rt. 

Curvature, Radius of Curvature. 

In any circle the radius is equal to -r- if « be any arc 

whatever, and y\t the angle through which the - tangent 
turns as the arc 8 is traversed ; hence the curvature of any 

circle, being inversely as the radius, is proportional to — , 

and we may take this conveniently as the measure of the 
curvature ; and the arc s or the angle ^ may be as large 
or as small as we choose. So, in general, in any curve, 
«, -^ having the same meaning, the average curvature of the 

arc 5 is — , since this would give the same total deflection 

of the tangent in passing over the arc «, hence the average 



DIFFERENTIAL AND INTEGRAL CALCULUS. 97 

curvature of a small arc As at the end of the former arc 
will be — -^, and if we diminish As indefinitely, we have, 
finally, the curvature at the end of an arc s of any curve 

is -— , or the radius of curvature, i.e. the radius of the 

cb 
circle which has the same curvature as the curve is Vr • 

dyft 

This can, of course, be expressed in terms of (x, y), since 



sec 






hence the curvature is 

ds dx ' dx dj? ' \ \dx) ) ' 

In forming this we have assumed that -j- , -rj are 

positive, which will apply to a curve with its convexity 

ds 
towards the axis of a:; if -^ be negative, as in a curve 

whose concavity is towards the axis of cc, the curvature is 
— -7~ "^ ] 1 + (;r^ ) • • Some prefer giving algebraic sign 

to the curvature and consider it positive when it turns 
from the axis of a?, and negative when it turns towards 
the axis of x. This is however of slight importance. 

Another convenient expression for the radius of curva- 

ture is/? + --i-p, , where p is the perpendicular from a fixed 

point on the tangent, and y^ as before. In fig. 22 OF is 
perpendicular on the tangent PT at P, ON=Xj NP=y^ 
NM^ NZ perpendiculars on the tangent and on Y^ then 

^= (9r= OZ- YZ= OZ^MN=x sin^-y cos^, 

o 
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therefore 

'^ = X cos^ + y sin >|r 

-f f ^ - sin-^ — -jV; cos-^ which = for -^ = tan-^ j 
= ZN-\-MP= YP= perpend, from on the normal at P/ 
, 2 = ~" "^ s*° r + y cos T 

ds , dx , , Jy . . ^ 

= T7- smce -7- = cos ylr and -r- = sm ^r 
ay rt5 "^ as *^ 

therefore 7? +-t r^2 = -7 r • 

ay ay 

Hence we have s = -,-\ H- fpdylt^ and since -> ^ is the 

perpendicular on the normal at P, we shall have for the 
whole arc of any closed oval curve without singular points, 
so that the curve re-enters as soon as yfr is increased by 27r, 

that the whole perimeter = I pdy^^ since -,^ will have 

the same value when -^ = as when i/r = 27r. 

Since the normal at P (fig. 23), as P occupies successive 
positions on the curve, will touch some curve or other, let 
Q be its point of contact, QY' perpendicular to PQ will 
be the normal at Q to this curve, and since we have seen 

that -~- is the perpendicular from on PQ^ if we call this 

p\ the perpendicular from on the normal at Q will be 

-j^, , but •^'=i7r + i/r, and y = y ; therefore the per- 
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pendlcular from on the normal at Q = -yj^ = F' ; 

therefore YY' =p + - ^^ = PQ^ or PQ = radius of curvature 

at P, or Q is the centre of curvature at P. This proves 
that the centre of curvature at P is the litaiting position of 
the point of intersection of the normals at P, P' when P' 
moves up to P. 



Differential Coefficients. of Areas, Volumes, 

Surfaces. 

(1) Let V be the area intercepted between a curve 
y = 4>[x)^ the axis of a?, the ordinate at any point P (fig. 24), 
and some fixed ordinate aA^ 

OM=x^ MP=(j){x)^ ON^x-^-Ax^ NQ=^(l>{x + Ax), 

then U=AaMP, U+AU=AaNQ', 

therefore A ?7= area PMNQ^ 

which for all fowns of the curve, provided 4> [x) is finite, 
will lie between </> {x) Ax, <f> [x + Aa?) Aa?, when Ax is 

taken sufficiently small; or — lies between <^ (t), and 

4> (a3 + Aa;), or -j- — ^ (a:), or C/= / </> (a:) tfo where Oa = a. 

If U be the area included between the curve, the 
radius vector to a point P (fig. 25) and some fixed radius 
vector OAy where 

xOA=^a, OP=r^ XOP=e, OQ=r+Ar^ XOQ = e-{-A0, 

U= area AOP^ IT-^ AU= area AOQj 

A U= area POQ = triangle POQ in the limit j 

(this means not that they are equal because both vanish, 
but that their limiting ratio is one of equality), 

= ^ (r-f Ar)r sin A^; 
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therefore 



dU -•• 

dH 



= Jr', or U=}sfr'de, 



r being a known function of 0. 

(2) Let V be the volume generated by the revolution 
of AP (fig. 24) about the axis of a?, then A V will be the 
volume generated by the revolution of area PMNQ about 
the axis of a:, which will always, when Ax is small enough, 
lie between the two cylinders whose common axis Is MN^ 
and radii respectively MPj NQj or between 

TT [y^Ax) and tt (^ + AyY Ao?, 

AF . 
or -— - lies between Try* and tt (y + Ay)*, 

^^x 



dV 
dx 



J n 



(3) If /S be the area of the surface generated by the 
revolution of AP (fig. 26) about the axis of a?, then AS 
will be the area generated by the revolution of the arc 
PQ or A5, and since each point of this arc is at a distance 
from the axis of a?, which lies between y and y -\- Ay, 
therefore AS must lie between 

A5.27ry, and A5.27r(y + Ay), 

or - — lies between 27ry ~ — and 27r ( v + Ay) - — : 
Ax ^ Ax ^^ ^' Ax^ 

, ^ dS _ ds 

therefore ^ = ^'^3^^; 

^=2.//H.y{l + (|)]c^ 

= 2^ r V[l + {/ (a:)r]./N dx. 

(4) Let U be the area generated by the revolution 
of rtie area AOP (fig. 26) about OA^ let fall Plf per- 
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pendicular on OA^ and produce MP to meet 8Q in R^ 
then /8P = r, AOP=0y 8Q = r-tAr^ A8Q=0-\-A0^ and 
the volume generated by the revolution of POQ is SZ7, 
but the volume generated by the area PQR vanishes in 
the limit compared with that generated by POR^ hence 
A ?7= ultimately the volume generated by P0^ = volume 
generated by MOR — volume generated by MOP 

= - J7rr' sin*^.r cos 5+ Jtt {r cos5.tan(5-f A^)}'r cos 5 

= ^Trr' cos e (- sin' 6 + cos' 6 tan' ff) 

= Wr' cos^. — ^ ^-jTsH ^ 

^ cos*^ 



, 3 ^smA^ 8m2^ + A^ 

= ^Trr' cos ^ 5l_^^^ i ; 

^ cos' ' 

. . AC;' , 8 . sin(20H.A^) slnA^ « 

therefore -r-7, =i7rr cos^. - \,^ — -' . -- w- , 

A6^ ^ cos'(5 + A^) A^ ' 

dU , 3 sin2d _ , . ^ 
rf^ ^ cos^ ^ ' 

therefore E7=|7r| r'sin^c?^, 

•'0 

r being a known function of 0. 

As an example of the use of all these formulae, take the 

curve 9ay* = (a: + o) (aj — 2a)', which is of the form given, 

(fig. 27) 

18ay -^ = {x- 2a)' + 2 (a; + a) (x - 2a) = 3 [x - 2a) a?, 

dy __x{X'- 2a) __ x[x — 2a) 

^" 6ay " 2 V{«(a; + «) (aJ- 2a)}' * 

dy X X 

dir ^2V{«(aJ + a)} 2V{«(a; + «)}' 
if we take the lower branch BAP^ or 

therefore 8in«^= ^-^^|^^^, = (^) , 
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or — ^ = + sin ^ = sin -ilr on the. same branch as before, 

when (x = — a, >^ = — ^tt, a; = 0, -^ = 0), 

2a sinylr 2a 

1 — sm y* 1 — sin y ' ' 

. f, dx 2a cosyfr dx ds . ds 

therefore -jr = jz .- .^^ = -7 • 7-7 = cos-^fr ; 

dy^ [l — ^my^) ds dy ^ ay 

, . ds 2a 

therefore -,-r = jz — . — rr.^ > 

dyfr (1- sin >|r)''' 

therefore s = 2a l ,- ^ — —^ = 2a I r-— ^ttj , 

7-1^ (1 - sin^/ j^ (1 + CO80Y 

if ^ = J7r + >|r, or 

arc F5^P= 2a [^^1^ =a J(l + tan^|^) d tan^^ 

= a(tan^^ + J tan'l^) 

/ l-cos5\ ^2a sin^ 24 cos 5 
=atani^.(^HJ^^^^^^j = - ^^—^ . ^^-—^^ 

2a cosi/r (2- sin i|r) 
" Y (l-3in^y^~~ " 

TiT Ti>rr» 2a sin >/r 

Now MP=x= , ^ ; 

1 — sm y 

Ti^T;r TiJ-Ti X • 2a cos-ilr 

therefore MK= MP cot i|r = ^ , 

' 1 — smy 

and ^^'^=/v/(^")-(^-2«) 



_ 2a /n-\-sm\p\ 2 sin^~l 
~ "3 V U-sin;/// • 1-sin;/; 



__ 2a cos;// (2 sin;// — 1) ^ 
""3 [l-sin^PY ' 

therefore Oiir= 3 (f.^'^V ^^ ^^ " ''""^^ "^ ^^ ''""^ " ^^^ 

^2acos^(2-sm^ 
3(1 -sm;/.)' 
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Also PK= ^ = T-^. = MP+ 2a, 

sin i/» 1 — sin yp 

{,e, the normal intercepted by the axis of y exceeds the 
abscissa by a constant quantity. The radius of curvature 

or cc PK^. 



(I-sin(/.)' 2a 
For the area of any part of the loop, 



A = ^ i ./( ) {2a — x)dxj or if x-\-a = qz\ 

4a* /(x-\-a\ fx + a x-ta^X^ . (x-\-a)i,^ . 

hence the area of the whole loop is — ^ a*. 

5 

The volume generated by the revolution of the loop 
= ^ [ {x-\-a){x-'2aYdx='^a'fz{3-zydz 
Tra' /8l 6.27 81 \ « /9 . 9\ 3 , 

Also the area of the surface generated by the revolution 
of the loop 

^ ds 2a -hx 1 /fx-ra\ .^ , 

^^^ ^ = 2^{^(^TliJI' 2^ = 3 Vl-T-J-^'^-^)' 

, . ds 1 {^a^-x^) 

therefore y ., = - . ; 

^ dx ^ a ' 

therefore 

area = 27r |- f (4 - z') dz = ir^ {12- 3} = ^ira\ 
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Coordinates of the centre of curvature are 

ds . . __ 2a siin/> 2a sini/^ _ - 2a. sin';// 
^"•5^ 81^^-1 _gijj^ - (i_sin;^)- = (1-sini/,)* ' 

rfs 2a cos^ (2 Sim/* — 1) 2a cosi/^ 

4a cos^ /, • .\ 

= ~^" 71 — ^^r^ (1 + siiiY^), 

3 (1 — smy) ^ ^ 

Y--. ^a^In> 16a;; / l + sinVr \° 

(l-sinVr)'' 9 U-sin^y' 

from which the equation of the locus of the centre of cur- 
vature is readily found, 

// - 2X \ 2 sin'ilr ^ 
V \ir) ^ 1-sin^ ' 

therefore ^ +//(^) = ('if )'; 

'3r\i /-2Z\* 



/3rv /-2JCV , 



The curve represented by this equation is also drawn in 
fig. 27. 

Differential Calculus. (5). 

1. The tangent to any curve at a point (a;, y) makes 

with the axis of x an angle whose tangfent is -j- , cosine -^ , 

and sine -j- , s being the arc of the curve measured from 

a fixed point to the point (a?, y) ; also the tangent makes 

with the radius vector at a point (r, 6) an angle whose 

^ , dO . dr , . d6 
tanffent is r -y-,, cosine -^ , and sine r -^ . 
° ar ' as ' as 

2. Prove that the length of the tangent at any point 
of the curve x^'\-y'^ = aS intercepted between the axes of 
coordinates is always a. 

3. The curve day^= {x + a) [x- ^af is such, that if at 
any point P the normal meet the axis of y in iT, and PM 
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be perpendicular to the axis of y^ 

FK=^NP+2ai andifrPiV=^, jyp^ ^^cosg 

4. If « be the arc of a curve measured from any fixed 
point to the point (aj, y) or (r, 5), th^n will 

Prove that the whole arc of the curve x^ + y^^a^ is 6a, 
and that of the curve ip (3) measured from the vertex 
( VBF) is equal to OK. 

5. ^ind the differential coefficients of the area of any 
curve (J) included between the curve, the axis of a?, and 
two ordinates ; (2) between the curve and two jadii 

vectores. The area of the Joop of the curve v* = a?* — — 

is rt" (2 — fw):; and the whole area of the curve r* = a^ cos29 



• 8 

IS a , 



6. find the differential coefBcients of the .volume, and 
of the area of the surface generated by the revolution of 
a given curve about the axis of a?. If the curve be that 
in (3), the volume generated by .the loop is fTra', and the 
area of the surface generated is 37ra'. 

7. The origin of poller coordinates is Sj 8 A is (fig. 28) 
a fi^ed JEadius veqtor, P any point of a curve, SF=rj 
A8F= 6, and 17 the volume generated by the revolution 

/ITT 
of AJSP about SA ; prove that ^ = f Trr' sin 0. 

The xvolume of the spherical sector included between 
a sphere and a cone of vertical angle 2a, with its .vertex on 
the circumference, and its axis passing throvigh the centre 

= ^a'(l + cos»5)sin"5. 

8. If NP (fig. 29) be the ordinate, PG. the normal, 
terminated by the axis of x at d:ny point P of a curve, and 

p 
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NP be produced to p so that Np = PG^ then the area of 
the surface generated by the revolution of the curve about 
the axis of a? = 27r x the corresponding area of the curve 

traced out by^. 

c ^ * ' 
If the curve be -the catenary y = Zi (^^ +^ *)> *^ point p 

•11 T L C C , ^ _2£ 

Will he on a catenary y *= 5 + 7 (£«= + £ ")* 



Contact of Curves. 

If (a*, y) be a point P (fig. 30) common to two curves, and 
if when we increase x to x-\-hx the con-esponding values 
oiy in the two curves are y + Sy, ^ -f %', then the equations 
of the two being y =/(a;), y = ^ (a?), we have 

y + «y=/(x)+/(:r)S:r+/'(a;)^'+...+/"(a! + ^gx)^", 

y + 8/ = ^ (a) + f (tc) Sa + . . .+ <>" (a; + flSic) "P- . 

Now jr(aj) = <^ [x] since the point is common to both curves; 
also they will touch each other at the point ifjT {x) = (f>' (a;), 
in which case they are said to have contact of the first 
order. If also /"(a;) = ^" (a;).../" (a;) = ^* (a?), the two 
curves are said to have a contact of the w*^ order. In such 
a case, if OM=Xj MP=yj ON^x-^Sx^ NQ — y-\-hy^ 
Nq=y-^Sy\ then 

QQ' = Sy'^Sy = {<l>^'{x+eSx)^r''{^ + S^^)}^^^i 

i.e. if we call MN a small quantity of the first order of 
smallness, Q^' is a small quantity of the (w + 1)"* order; 

QQ' 
*«6« ,At»h-i tends to a finite limit when Sx is made =0. If 

MN 

NQQ meet the tangent at P in jB, then 

JVB=/(aj) + 8a?./(a;); 
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therefore 

therefore ^ _ r{x + eSx) 

tneretore BQ' <l>" {x-h eSx)' 

or the limiting, ratio of BQ i BQ is/" (a;) : </>" (a?). 

Hence if two curves touch each other at (a;, y) ; and, 
therefore, /'(a;) = ^'(a;), then if also /'(a?) = <^" (a?), the 
curves will deflect from the tangent at the same rate, or 
will have the same curvature at the point. This is, there- 
fore, the same thing as having contact of the second order. 
This of course is obvious from the expression already found 

for the curvature -7-^ "^il + (;^)f J which is the same 

for all curves m which, at a given point (a;, y), -j- and -7^ 

have the same values for the diflferent curves. The circle 
of curvature may then be diefined as the limiting position, 
when Q moves up to P* of a circle which touches the curve 
at P, and passes through a neighbouring point Q of the 
curve, or since touching at P is the limit of meeting the 
curve in two points which ultimately coincide, we may 
also define thB circle of curvature as the limit of the circle 
which meets the curve in three points Q^ P, Q\ when 
Q^ Q' both move up to P. In just the same way any 
curve which meets a given curve in (w+ 1) points of which 
P is one, will in the limit, when all the points move up 
to coincidence with P, have contact of the n'^ order at P, 
and the order of contact which it will be possible to give to 
a curve of any defined species will depend on the number 
of points which suffice to fix such a carve, being one less 
than that number. Three points completely determine a 
circle, so that circles can only be made to have contact of 
the second order. Four points determine a parabola, and 
we can, therefore, draw a parabola having contact of the 
third order ; and similarly an ellipse or hyperbola having 
contact of the fourth ; and an epitrochoid of the fifth order. 
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Hence, to determine directly the position and dimen- 
sions of the circle of curvature of a giren curve at a given 
point, we have to find a circle (I) passing through the 

point {xyt/)f (2) having the same value of -^ , (3) the same 

value of -^ , 88 the given curve has^ at (a;, y). 

Let, then, (a, 5) be the coordinates of the centre (fig. 31), 
and p the radius of this circle, then if (XY) be any point 
on this circle (X- a)* + (F— J)' = /3*, also the values of 

WX ' ^T* ^^ *^® point {XY) are found from the equations 

Hence, to determine the circle of curvature of the given 
curve at (xy), we shall have the three equations 

so that --^ 






\dx) dx \ \dx) ) da? 

and therefore 

80 that a, i, /> are completely determined. 

These equations are more symmetrical if we take s the" 
arc of the curve as independent Variable. We shall then 

barve 

(a,_a)« + (3,^J)' = p»...., (1), 

(-«)S + (y^*)| = ^ ('^' 

l+(a;-o)-^ + (y-&)^ = ...(3)} 
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a, hj p are functions of 8 determined bj these three eqna- 
tions; if we change the position of (a?, y) on the curve, 
we shall of course alter their value. To investigate the 
law of these changes, diiferentiate equation (1), taking 
account of (2), and we have 

(.-„,g.(,-i,i=-,i (.,. 

and similarly from (2), 

da dx dtt dy __ ,. 

ds ds ds ds ^ '' 

Now the centre of curvature will, ks (aj, y) moves on 
the curve itself trace out another curve called the evolute 
of the former, and the tangent at (a, b) to this curve 

makes with the asds of x the angle tan'M-r-j, which 

by (5) =tan"*( — -^J the same as the normal at (a?, y). 

But (a, h) lies on the normal at (a?, y) (either by equation 
(2), or because the circle whose centre is (a, b) touches the 
curve at (a?, y)), hence the tangent to the evolute at (a, b) 
is the normal to the curve at (a;, y). Again by (5) and (2), 
we have 

db /f/^Y (dbV) da 

ds Vl\*/ Wj d^ 

[a being the arc of the evolute) 

/ \ ^ . f T\ ^ ^P 



X 

da 
ds 



1^ fdbV (da-V ' 

\ds) 



Tmv fdb\' 

\di) "^ w 



, « dp da 

therefore & = ± di 5 

therefore p = ± o- + (7. 

This proves the property for which the locus of the 
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centres of curvature is called the evolule, namely, that the 

original curve may be generated by a point in an Inex- 

tensible string which is kept tight and wrapped on, or 

unwrapped from the evolute. 

For suppose 00' (fig. 32) is the curve locus of the 

centre of curvature, the centre of curvature at P, 0' at 

P', PO^p^ P'0-p\ «r the arc BO measured from 

some fixed point of the evolute, then since, in this figure, 

o- increases as p decreases, we must take the negative sign, 

and therefore 

p + <r = C; 

therefore arcPO + 0P= arcPO O + O'P, 

or OP-'O'P^fiTcOO', 

or if PO be imagined a tight inextensible string, this 
string wiH just wrap on the evolute as P moves along 
the, arcPP'. If, on the other hand, <r be measured in 
the opposite direction = arc -40' 0, then a and p increase 
together and the positive sign must be taken, hence 

p = cr + a, 
hence PO - arc^ = PO* - arc A 0\ 

or PO-Pa^^rQOO\ 

as before, of course. All this may easily be proved geo- 
metrically by considering a curve as the limit of a polygon, 
and considering the curve traced out by a point of a string 
unwrapped from the polygon. 

The original curve is called an involute of the locus 
of the centres of curvature. 

It is manifest that every curve will have a definite 
evolute, but an infinite number of involutes forming a 
system of parallel curves^ such that P being any point 
of one of the curves, the others may be traced from it 
by always marking off the same fixed length along the 
normal at P. 

Several other formulae for the radius of curvature may 
be deduced froraVl), (2), (3). 
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«- {%' - m ' '. 



we have 



dx d^x dy d^y _ ^ 

ds ds^ ds ds^ ' 
therefore 

d*y d*x dx d^y dy d^x /(fd^x\^ (d^y^ 



jm - (; 



rfs* d^ ds ds* ds ds* \/ l\ds*J \d^ 

dx 

ds 



(y-^) ^ + ('"-«) ^ 

But ,(.-«) |^.(,_ J) 1 = 0, 

or 

x-a _y-b _ ^'^"^^ ^ ~^^"^ ^ V(^3^ + f-Sy) 

therefore (y- J) ^- (a;-a) ^ = ±p, 

and since {y — 5) -7t+ (^ "" ^) ^ 2 = -Ij 

+ 1 
each of the quantities above = =^-' ; or 

d*y d*x 

p d^ ^d^" ds ds' ds ds*''\/}\ds'r\ds')\' 
ds ds 

These results are most readily found as follows : 

dx , dy . , 

^, - d*x . , dylt sin-^fr 

therefore -7^ = - sini^ J- = — , 

dr ^ ds p ^ 
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if «, -^ increase together, ao ~, = — ^ ; therefore 

d^y d*x 
l^d? d^ _^d^y dyd^x _ /[(^\ f^\*\ 

p ^"J^ dsd^ Acfo* "V IVcfeV "^Vc&vr 

da da 

^ - d^X 008^ Binilr dp 

^*^ ^» — ^+y-A' 

The centre of curvature may also be defined as the 
(limiting position of the point of intersection of normala at 
.consecutive points. The equation of the normal at {x^ y) is 

(r-y)|+(X-a:)=0 (1), 

•hence for the normal at a consecutive point {x-\- Sxj y+Sy), 
.the equation is 

(r-y-S3^)(^ + ^Saj+...) + Z-a:-Sa: = 0...(2). 

Hence at their point of intersection, making 8x indefinitely 
small, 



dy 
or Y'~y = 



x+"^T 



daf 



and therefore 



«. dx\ \dx) ) 

^-* ^ — ^' 
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or (X, Y) is the same as (a, b). Hence also if be this 
point [Xy r), P the point (ic, y) a^ which the normal is 
drawn, 

P0=v(XrsT+7r5T).{i+(|)}'.g, 

the radius of curvature as before. 

Differential Calculus. *VI. 

1. What is meant by contact of the m^^ order between 
two curves at a point. If two curves have contact of the 
w'** order at a point P, and NQQ' be an ordinate near P, 
meeting the curves in Q^ Q^ the limiting value of the ratio 
QQ' : PQ''''' when Q^ Q move up to P will be finite. If 

two curves have contact of an even order, they cross at 
the common point; if otherwise, not. 

2. Explain why a circle cannot in general be made to 
have with a given curve at a given point a contact of 
higher order than the second ; and prove that if it have at 
any point contact of the third order, the radius of curvature 
will be a maximum or minimum at the point. Prove 
that a parabola can be found having contact of the third 
order, and an ellipse or hyperbola having contact of the 
fourth. 

3. Obtain the equations determining the centre and 
radius of the circle of curvature at any point (a?, y) of 
a given 'curve. If s be the arc of the curve to (a?, y\ 
and p the radius of curvature, then will 

d*y d^x 

i _ ds^ __ ds* ~dx d^y dy d^x 

p dx dy da ds^ ds ds^ 

ds ds 









9 
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4. If p be the perpendicular from the origin on the 
tangent, and ^ the angle which the tangent makes with a 
fixed straight* line, then the perpendicalar on the normal 

will be 3T » and the radius ef curvature = » + -v^ = -n • 

Hence, prove that the whole arc of a closed curve without 

singular points = I pd^. 

Jo 

5. The radius of curvature of the ellipse -j + ^ = 1 at 
the point (a cos^, b sin^) is (a* sin*^-f J' cos"^)*-i-aJ, and 

a* — h* 

the coordinates of the centre of curvature are cos'*^. 

a ' 

&* — fl* 

— ^ — sin'^. The centre of curvature lies on the curve 

6. If normals to a curve at P, Q meet in 0, the limit- 
ing position of O when Q moves up to F wiU be the centre 
of curvature at P. Hence, prove that the radius of cur- 
vature of a parabola is 2a sec'^, 4a being the latus rectum, 
and the angle which the normal makes with the axis. 

7. In the curve y = ^c [s^ + s* c), the radius of curvature 
at a point where the tangent makes an angle 4> with the 
axb of a; is c sec'^, and if the normal at P meet the axis of 
a: in C, PG will be equal and opposite to the radius of 
curvature at P. 

8. The equation of the conic of closest contact at any 
point of a given curve referred to the tangent and normal 
at the point as coordinate axes is Ax^-^- 2Hxy •{• By^ ^2y \ 
the values of -4, H^ B being 

where p is the radius of curvature at the point tmd s the 
aj:c to that point from some fixed point. 



FUNDAMENTAL THEORY OF COUPLES. 

By A. G. Greenhtllj M.A. 

Two eqoal^ parallel, unlike forces make a couple. 

The arm of a couple i» the perpendicular distance 
between the forces. 

The moment of a couple Is the product of either force 
into the arm. 

I. The moment of the forces of a couple about any 
axis perpendicular to the plane of the couple is constant 
and equal to the moment of th« couple. 

The moment of the forces (fig. 33) in the direction of 
the rotation of the couple about 

0, is P. 0,B^ - P. 0,A^ = P. A^B^, 

0, is P.O^A^ + P.O,B^ = P.A^B^, 

0,is P.O,A,^P.O,B^=^P.A,B^. 

I 

II. A couple may be Teplaced by any other like couple 
of equal moment in the same or a parallel plane without 
altering the effect. 

This is proved by shewing that two unlike couples in 
the same or parallel planes will balance if their moments 
are equal. 

Let each force of one couple be P and of the other Q 
(fig. 34). Let ABCD be the parallelogram formed by the 
lines of action of the forces. 
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Draw AM perpendicular to CD and AN to BC\ then 
because the moments are equal 



therefore 



PxAM:=QxAN; 
P AN ' AB 



Q AM AD^ 

therefore the resultant of P and Q acts in A C. Similarly 
the resultant of P and Q at C acts in CAj so that the 
resultants balance each other. 

Hence the two couples balance each other ; and, there- 
forei, two like couples of equal nK)ment in the same, plane 
are equivalent. 

If the forces of the couples were parallel we must 
suppose the couples like, and take a third couple unlike 
and of equal moment, with its forces not parallel to the 
forces of the two couples. 

Then this couple will balance each of the two couples, 
dnd therefore the two couples are equivalent. 

Next suppose two unlike couples of equal moment in 
parallel planes. 

We may always replace them by two couples of equal 
moment having equal and parallel arms and forces. 

Let any plane be drawn cutting the forces in the points 
A, By G, D (fig. 35). 

AB is equal and parallel to (7i>, and therefore ABCD 
IS a parallelogram of which the diagonals bisect each other 
^.t their point of intersection 0. 

The resultant of P at -4 and P at (7 is a parallel force 
2P at 0\ and of P at P and P at P is an equal parallel 
but opposite force 2P at 0, hence the system is in equi- 
librium. 

Therefore two like couples of equal moment in parallel 
planes are equivalent. 

Hence the resultant of any nuinber of couples in the 
same or parallel planes is a couple, in a parallel plane of 
moment equal to the algebraical sum of the moments of 
the couples* 
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III. To represent a couple by a straight line — 

(i) In point of application. The position of a couple 
with respect to a point is arbitrary, hence the straight 
line may be drawn from any point. 

(ii) In direction. The straight line must be drawn at 
right angles to the plane of the couple, and in the direction 
of translation of a right-handed screw which has the same 
direction of rotation as the couple. 

(iii) In magnitude. The length of the straight line 
must be proportional to the moment of the couple. 

This straight line is*called the axis of the couple; the 
axis is therefore a straight line drawn from any point at 
right angles to the plane of the couple,^ of length pro- 
portional to the moment of the couple, and in the direction 
of translation of a right-handed screw which turns in the 
same direction as tlie couple. 

IV. To find the resultant of two couples represented 
by their axes 00 and OH (fig. 36). describe a parallelo- 
gram on 00 and OH as adjacent sides, then the diagonal 
OK will represent the axis of the resultant couple. 

For, let the planes of the couples intersect in the line 
AB^ and take AB as the arm of each couple, and P and 
Q as the forces. 

Find the resultants R oi P and Q at A^ and of P and 
Q dX B] the two resultants are equal and opposite, and 
constitute the resultant couple. 

OK is perpendicular to the plane of this couple, and 
if OO^P.AB, OH^Q.AB, then will OK=:B.AB; and 
therefore OK is the axis of the resultant couple. 

Hence, to find the resultant of any number of forces, 
find the resultant of their axes by the parallelogramic 
law. 

The resultant, therefore, of a system of couples in the 
same plane, or in parallel planes, is a couple of which the 
moment is the algebraic sum of the moments of the separate 
couples. 



V 



118 FUNDAMENTAL THEORY OP COUPLES. 

This is evident, independentlj, if we resolve each couple 
into two forces acting at the ends of an arm common 
to all the couples, when the forces of the resultant couple 
will be the algebraic sums of the forces of the component 
couples. 



THE END. 
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